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Abstract 

A refinement of the stable pair invariants of Pandharipande and Thomas for non-compact 
Calabi-Yau spaces is introduced based on a virtual Bialynicki-Birula decomposition with 
respect to a C* action on the stable pair moduli space, or alternatively the equivariant 
index of Nekrasov and Okounkov. This effectively calculates the refined index for M-theory 
reduced on these Calabi-Yau geometries. Based on physical expectations we propose a prod- 
uct formula for the refined invariants extending the motivic product formula of Morrison, 
Mozgovoy, Nagao, and Szendroi for local P^. We explicitly compute refined invariants in 
low degree for local P^ and local P^ x P^ and check that they agree with the predictions 
of the direct integration of the generalized holomorphic anomaly and with the product for- 
mula. The modularity of the expressions obtained in the direct integration approach allows 
us to relate the generating function of refined PT invariants on appropriate geometries to 
Nekrasov's partition function and a refinement of Chern-Simons theory on a lens space. We 
also relate our product formula to wallcrossing. 
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1 Introduction 



The BPS spectrum and its stability conditions determine to a large extent the effective 
action of = 2 super symmetric theories. In rigid N = 2 theories in four dimensions one 
can define a refined BPS state counting, which records the multiplicities Nf ■ e N of BPS 
particles with charges F in the lattice A of K-theory charges of even D-branes and spin 
quantum numbers Jl^Jr of the twisted off shell Lorentz group S\J{2)x^ x SU(2)/j = Spin(4) 
representations |13l 1241 [T8]. Many rigid N=2 theories can be constructed by type II string 
compactification on a non-compact Calabi-Yau manifolds M, and in fact no other examples 
are known at present. 

The topological A-model of the type II string calculates a BPS index of these multiplicities 
for the infinite subset V € A' of charges with one unit of D6 brane charge and arbitrary units 
of D2 and DO-brane charges [13j. The BPS index is a weighted sum over the right spins. 
Mirror symmetry has been used to calculate the corresponding generating functions F{gs,t) 
for the index multiplicities in the B-model from the holomorphic anomaly equations [7| and 
appropriate boundary conditions [23] in terms of quasi-modular forms. It was argued in [18] 
that in the local limit the topological B-model admits a deformation of the genus expansion 
by insertions of the puncture operators of topological gravity, which captures the refinement 
and leads to a simple generalization of the holomorphic anomaly equation [20^ [33l I34j . 
Together with generalized gap conditions [331 EOl 131] it allows the efficient calculation of 
the deformed generating functions F(ei,e2,t) for the NJ'^-^ G N in terms of quasi-modular 
forms. 

The purpose of this paper is twofold. First, we extend the geometric description of the 
moduli space of BPS states with charge F' given in [31] and extract the refined multiplici- 
ties A from this description by purely algebro-geometric methods. The mathematical 

J LtJ Ft 

description of the moduli spaces and virtual numbers developed in [31] to describe the 
unrefined invariants has been developed in [451 147] using the notion of stable pairs. This 
notion is closely related to Donaldson-Thomas invariants and the refined multiplicities are 
expected to capture features of the motivic Donaldson-Thomas invariants. The second pur- 
pose is to interpret the physical description of the refined partition function as a product 
formula for the refined stable pair invariants, then checking this description for local and 
local X P^. Our calculations can be thought of as either geometric corroboration of the 
refined B-model calculation or as evidence for a mathematical conjecture, depending on the 
viewpoint of the reader. The refined stable pair invariants can be mathematically defined 
in terms of a virtual Bialynicki-Birula decomposition, or equivalently, using an equivariant 
index of M-theory 02] . 

The rest of the paper is organized as follows. In Section [2] we describe the 5-dimensional 
BPS supertrace in the Q-deformation and the Schwinger loop calculation which will allow 
us to relate the B-model calculation to the SU(2)i x SU(2)r BPS invariants. The B- 
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model calculation itself is done in Section [3l leading to the explicit calculation of the BPS 
invariants. In Section H] we review the definition of stable pair invariants and review the 
relationship between the stable pair partition function and the Gopakumar-Vafa invariants. 
In Section [5] we review the paper [31] and update the method, making it more rigorous 
by using stable pair invariants instead of the relative Hilbert scheme of a family of curves. 
In Section [6] we review the localization algorithm of [46] for the PT invariants on toric 
Calabi-Yau threefolds, which we have implemented on a computer to perform the necessary 
calculations. In Section [7| we have defined the refined PT invariants using both a motivic 
approach as well as the equivariant index of Nekrasov and Okounkov. In Section [8] we 
express the refined PT partition function as an infinite product depending only on the 
SU(2) X SU(2) BPS invariants, compute the low degree terms of the partition function 
by geometry, and confirm that they match the B-model calculation. In Section [9] we use 
our methods to further update the method of [31], showing how the SU(2) x SU(2) BPS 
invariants can be calculated by hand in low degree. 

There is related work on refined invariants for surfaces (rather than local surfaces) |14j . 
While this paper was finalized there appeared three papers on the arXiv which address 
similar BPS countings, but not with stable pairs invariants |26j [3] [25] . 

2 Physical expectations 

We consider theories with eight supercharges by compactifying M-theory on a Calabi-Yau 
threefold X to five dimensions or on X x S} to four dimensions. We are interested in 
BPS states giving holomorphic corrections to couplings in the vector moduli space. Since 
the latter decouples from the type II dilaton (/>//, the radius r ~ {qV)^ of the M-theory 
circle with g^^ = exp((^7-7-) is irrelevant for these corrections. The 5d M-theory and 4d type 
IIA descriptions of these BPS states are therefore expected to be equivalent. At the level 
of entropy counts from BPS states for 4d and 5d black holes this has been made explicit 
in [H]. 

2.1 The refined BPS supertrace 

M-theory reduced on a compact Calabi-Yau threefold X to 5 dimensions gives rise to a 
5d super gravity theory with eight conserved supercharges. The super algebra is acted on 
by a SU{2)l x SU{2)r C 5'p(4), which is the little group of the 5d Lorentz group. If 
gravity can be decoupled, i.e. a rigid limit of supergravity exists then there emerges a 
further SU{2)tz symmetry acting on the algebra symmetry groupQ. The corresponding 
states in 5d are specified by their BPS mass M or equivalently by an integer charge vector 

^In the supergravity theory there can be a U{1)tz symmetry arising in the infrared, which is not directly 
associated to a geometrical symmetry of space. We would like to thank Greg Moore for discussions about 
this point. 
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r and their spin content given by a representation {jL,jR) of the httle group and their 
representation under SU{2)ti. Reduction on the circle leads to a four dimensional theory 
with N = 2 supersymmetry arising from the IIA reduction on X. The superalgebra and the 
symmetry acting on it does not change. Only now the 4d mass gets shifted by a Kaluza- 
Klein momentum on the circle. After this compactification the charge lattice of the BPS 
states is naturally identified with the i^-theory charge of the type IIA D2k branes 

r = (<70,gA,/,/) G ®Uh''\M) . (2.1) 

For particles at rest in 4d the eigenvalues of the Hamiltonian H are the BPS masses M = 
|r • n|. The vector 11 is instanton corrected in the type IIA theory, but it can be mapped 
by mirror symmetry to the period vector of the holomorphic 3-form of the mirror of X and 
calculated exactly. The relation between the left spin and the Dq and brane charge qq is [12] 

qo = 2^ . (2.2) 

Formally one can define a 5d BPS supertrace 

ZBTsi^L, en, t) = Ti^^s{-ifiJL+JR)e-'^^LJL^-2.RjR^-2enJiz^pH _ (2.3) 

as a refinement of the BPS index Z^-psi^L, 0, t), which was considered in [i3\ and shown to 
reproduce the holomorphic limit of the topological string partition function Z = exp(F*°P- ^^'^■) 
on the Calabi-Yau space X. Here and in the following we denote by J* the Cartan element 
of the SU{2)^ and by j* an SU{2)^ representation or the eigenvalue of the Casimir. In 
(|2.3p t stands for all relevant geometric parameters, see below. The fact that ZQ-psi^L^^jt) 
is an index implies in particular that only the left short multiplets contribute, while the 
contributions of long left multiplets cancel. The index is then expected to be invariant 
under complex structure deformations of X. Geometrical examples where the right spin 
assignments of states change under complex deformations of X while the index does not 
change are provided by ruled surfaces over higher genus curves |31j . 

It was argued in [41j that under certain assumptions ()2.3p is also an index. The main 
focus of the paper are the refined multiplicities NJ^ of BPS states counted by this index 

In this paper we restrict ourselves to charge vectors F = (n, (3,0,1), where in particular 
(3 S H2 {X, Z) . We denote by t the complexified Kahler parameters measuring the mass of D2 
wrapped on holomorphic curves with complexified volume t. The argument of |41j relies 
on further assumptions that we will discuss in some detail below, see also |24j p!] [3] . 

First of all fixing the combination eii{j'^ + jn) = ^RjR in the trace allows us to twist the 
assignment of the right spin content of the theory with Jji, the twisted generator of the 
Lorentz group. This makes in particular the eight susy generators (in the 4d language) 
transform as a scalar Q, a self dual two form and a vector Q^. As usual Q could 
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define a BRST cohomology operator on any four manifold, which is however trivial in 
M^. Instead |41j based on earlier work chooses Q = Q + Ea^° '^x^Qy, and considers 
equivariant cohomology. Here Qf^^ can be the [/(l)^^ x f7(l)e^ subgroup of the 50(4) space 
time rotation group and still defines an interesting equivariant cohomology. Q becomes 
an equivariant differential on the moduli space of framed instantons, which are calculated 
by the Atiyah-Bott localization formula and provides a formula for the instanton partition 
function, known as the Nekrasov partition function. The argument in |41j starts with a 
supersymmetric gauge theory in 5d, which we do not require here. We just assume that the 
supergravity scale can be decoupled, which in the geometric engineering approach means a 
decompactification limit of X. 

If the theory has additional symmetries, e.g. flavor symmetries, one can consider a more 
general choice of the twisting + J-^); where IZ is the IZ symmetry action accompanied 

by an U{1) subgroup of the additional symmetry. Typically these symmetries act on mass 
parameters and depending on the charge qi of the mass parameter under the U{1) one 
gets a shift in the mass parameter rrii ^ mi + QiCR |43] . 

To define (|2.3p as a path integral one has to realize the two twists by J* geometrically as 
twisted boundary conditions for the fermions around a circle in the background geometry 
outside of M^, or its generalizations discussed below. One circle can be the M theory S^, 
but for the second one needs an isometry inside X. This is clearly not possible if X is 
a compact Calabi-Yau manifold. For noncompact Calabi-Yau spaces there is such an U (1) 
isometry and this is all that we require, for the equivariant localization in the moduli space 
of stable pairs. 

Geometries realizing the two twists geometrically are referred to as ri-backgrounds. Another 
way of describing them j41j [43 j is to start with a 6-dimensional = 1 gauge theory and 
compactifying it on a fibration M4 — ?■ T^, where the 4d space time M4 has at least an C7(l)i x 
[7(1)2 isometry and r is the volume of T^. The e^/ji are considered as complex variables 
and the bundle is defined by requiring the flat connections corresponding to the isometrics 
to have holonomies (exp(|Ree/{), exp(|ReeL)) and (exp(|Imeij), exp(|ImeL)) around the 
two cycles of the T^. 

Typical examples with sufficient isometrics for the four dimensional spacetime include 
Taub-Nut geometries TNpO in the M-theory compactification on TNpO x Sj. x X studied 
in [12], which include for Taub-Nut/D6-brane charge = 1. The rotation angles ei^2 of 
the U{l)i can then be identified with rotation angles in the Cartan subalgebra of SU{2)i/j^ 
via eL/R = ^{^1 T ^2), and Ql/r = g^p{^l/r) counts the cr^^j^ spin eigenvalues. 

If one has only the M-theory as in particular for compact Calabi-Yau spaces one can 
view the fibration of over this as a Melvin background for 1/74 [44] metrical 

= (dx^ + n^'def + de^ , (2.4) 

^This is easily generalizable to Taub-Nut spaces. 
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i.e. it is characterized by a vev of a selfdual RR 1-form fields Q, whose selfdual field strength 
has near the origin the form 

Fl = dQ = eidxi A da;2 + e2dx3 A dx4 ■ (2.5) 

The reduction of 5d fields which are twisted around the S^. i.e. all the fields contributing 
to the index are charged under Fl and give a one loop contributions to the F-tevm F^^ R^, 
which was calculated by the Schwinger loop of [13]. 

As explained in |43j |40j the metric for compactification of the six dimensional theory 
is given by 

= {dx^' + n^'dz + Cldzf + dzdz , (2.6) 

where coordinates (z, z) are coordinates. In the r — )• limit one ends up with a selfdual 
Fl and an anti selfdual Fr field strength in 4d, spelled out in [IQ], to with the twisted fields 
in the index couple accordingly. The generalization of the Schwinger loop calculation [13] 
to this coupling is straightforward and will be discussed next. 



2.2 The Schwinger loop calculation 

The Schwinger loop calculation for these F-term couplings expresses 

i^'^°'(ei,e2,t) = (ei + e2)'"(eie2)^~'i^("'^Ht) (2.7) 

in terms of the above BPS trace 

"7 4(sinh2(^)-sinh^(^)) " ^'''^ 
Here ei, £2 is related to the string coupling gg by 

ei = Vbgs, ei = --^9s (2-9) 

and we denote by s the deformation parameter s = (ei + €2)^. 

To perform the integral (j2.8p one considers M2 branes wrapping a curve and extending 
in spacetime with n units of momentum around the M-theory S'^-cycle, which leads to the 
mass m? = /3 • t + 27rn. Since the vector multiplet moduli space decouples from the IIA- 
dilaton, one can interpolate between weak and strong coupling and view the M2 brane as 
a bound state of a D2 wrapping with n Dq branes. Geometrically this corresponds to 
a stable pair consisting of a sheaf on M of pure dimension 1 supported on Cjs together 
with a section s G H^{M,T) which generates J- outside a finite number of points, i.e. we 
have the topological data 

ch2(-F) = /3, x{J') = n. (2.10) 
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By summing over n and using the Poisson resummation formula exp(— 27risn) = 5{s- 
k) one obtains up to terms coming from the constant maps at genus and 1 



3r 



E E ( 

k — l 



1\2{JL+J'jf) 3L3R 



mL=-jL 



mR=-jR 



-kl3-t 



^ 2sinhf^ 



2 sinh 



(2.11) 

This expression is correct up to cubic terms at^ + bt^ + ct in the Kahler parameters mul- 
tiplying (7^^ and up to linear classical terms at order and related to classical inter- 
sections on X. There are also constants terms at all orders in s,g1 obtained by setting 

The relation between the refined and the unrefined BPS invariants is that the latter are 
defined by summing over the jn spin representation with sign and their multiplicity 



9=0 



0+ 



2 



(2.12) 



and changing the basis for the left spin representations according to 



i: = 2[o]. + 



E 



2n 

n — i 



2n 
n — i — 2 



(2.13) 



In comparing ()2.7p with p. IIP it is convenient to use the identity 

Tr,„(-l)2^*e-2^*^= (2sinh(£''" 



(2.14) 

and express both the left and the right spin in the basis. This yields invariants rigj^^g^ 
which are related to the ivf ■ by 



13 

JrJl 



9r,9l 



3r,3l 



JR 




11 


2 


R 


2 



(2.15) 



The geometric interpretation implies that Nj^^^ = for /? > fi^°'^{3LijR) for finite l3^°'^{jL3R) 
and the same properties hold for the n^j^^g^- The Uq ^ are the complex structure invariants 
unrefined BPS invariants. Both the „ and the A^f • are in Z, but we have the addi- 

9r,9l Jr,3l ' 

tional property NJ' ■ > 0. 

Eq. (j2.1ip can be exponentiated to yield the partition function Z = e^'^o'^'^^''^^,*)^ which has 
the form 



Jl/r 



^=n n n n 



V / 7 7 



3LJR 



/3 iL/fl=0mL/fl=-jL/flmi,m2 = l 

where we abbreviated e~^'* =: Q^^ . 



(2.16) 
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3 The direct integration approach 



In [20\ I33j generalized holomorphic anomaly equations were proposeqj which take the 
form 

= ]^ci^{DjDkF^'^'3^^^ + Y^DjF^"''^^^DkF'~"^3-h)^^ ^ n + 5 > 1 , (3.1) 

where the prime denotes omission of {m,h) = (0,0) and {m,h) = {n,g) in the sum. The 
first term on the right hand side is set to zero g = 0. These equations together with the 
modular invariance of F^^'^) and the gap boundary conditions determine (12. 7p recursively 
to any order in ei^2 |18) . The equation (j3.ip has been given a B-model interpretation in the 
local limit |18) in which the deformation direction corresponds to the puncture operator of 
topological gravity coupled to the Calabi-Yau non-linear cr-model. 



3.1 Elliptic curve mirrors and closed modular expressions 

We discuss in the following the simple situation in which the i?-model or mirror curve for 
the non-compact Calabi-Yau manifold is a family of elliptic curves. This holds for the mirror 
curves of non-compact Calabi-Yau manifolds defined as the anticanonical bundle over del 
Pezzo surfaces S, i.e. the total space of 0{—Ks) — )• S. 

Let us denote the mirror curve C in the Weierstrass form as 

y2 = 43.3 _ ^^(u, rn)x - g3{u, m) . (3.2) 



puiu l^-L,uj iurm to" = '^^ 

lives in the upper halfplane by 



We further denote the holomorphic (1,0) form oj = and the complex parameter r that 



r = . (3.3) 

UJ 

J a 

Here a, 6 are an integer basis of H^{C, Z), n is the complex structure parameter of the curve 
and m are isomonodromic deformations. The discriminant reads A = ~ 27g'| and the 
j-function defines an universal relation between {u,m) and t [q = exp(27riT)) 

j = ^ = - + 744 196884g + 21493760^2 + Oiq^) . (3.4) 
A q 

The main result of [18j is that the general form of the higher ^("'9) with n + 17 > 1 is is 
given by 

3s+2n-3 

= g (3,5) 



^The one in [33] contains an additional term, which is irrelevant for the present purpose of counting BPS 
states. 
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where the p^^'^\u,m) are completely fixed by the holomorphic anomaly equation and be- 
havior of ^("'9) at the cusp points. Here we defined the non-holomorphic generator X is 
by 

- 93iu,m) E2{T)Ei{T) 
g2iu,m) Eq{t) 

With E2 we denoted the non-holomorphic second Eisenstein series 

E2{T,f) = E2{t) - (3.7) 

The unhatted quantities are the usual holomorphic Eisenstein series. We note that 

^ = 21%. (3.8) 

To prove (13.50 note that flat coordinate t, which vanishes at a given cusp point can be 
integrated from 



dt E(i{T)g2{u,m) 



du V Ei{T)g^{u,m) 




(3.9) 



Here ^ is a period of the holomorphic differential ^ over the vanishing cycle at a nodal 
singularity of C. The period t{u,m) is a period integral of a meromorphic differential and 
the constant of the u-integration is zero. t{u, m) can be also determined as the solution of a 
third order differential equation in u with polynomial coefficients in {m,u), see. |22j . 



The proof of (|3.5p proceeds by using (I3.8p . (l3.9p and the Ramanujan relations 



-^.E2 — -i^(-E'2 ~ E4 



£e^ =\{E2Ei-E^), (3.10) 
4-Eq = \{E2Eq - El), 



(3.11) 



to derive 
with 

A = ^{2g2dug3-^g3dug2), ^ = ^(52<9«52 - IS^s^ufs), ^^'^"^^ 

Using (|3.9p and the fact that the 3-point function Cut = ^^gt"'"' ~ given in terms 

of the complex modulus r of (j3.2p one can rewrite (j3.ip as 

g2{u) Eel fduV d'^F'-'^'B-^^ d^u dF^'^'B-^^ 



(3.13) 



gz{u) E^lydt J dv? dt"^ du 



dt J ^ du du 

rn,h 
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see [18j for more details. It follows by (j3.11l3.13p and a simple inductive argument that the 
r.h.s. of (IS.lSp is a polynomial of X of maximal degree 2{g + n) — 3 and a rational function 
in u with denominator A^(^"*"")~^(n). Equation (j3.13p can in particular be used to integrate 
the holomorphic anomaly efficiently up to the polynomial p^j^'^\u), which is undetermined 
after the integration. 

can be determined up to irrelevant constants from the complex 
structure r in the upper half plane, which in turn may be calculated using the j-function of 
the elliptic curve. It remains to describe the boundary conditions which fix p^"'^^ (u) and to 
provide the remaining initial data F^^'^^ and F^^'^^ to complete the recursion ()3.5p . 

The boundary conditions for the higher genus invariants are given by the leading behavior 
of F{ei, €2,t) at the nodes of the curve (|3.2p . If we denote now specifically by t the vanishing 
coordinate at the node under investigation, then the leading behavior is given by 

Jo s 4smh(sei/2) smh(se2/2) 
= [-^ + ^i^i + e2f{eie2)-']log{t) 

1 ^-^ (2g - 3)! A A 2g-2m 2m , 

+ ~ 2^ ^23-2 2^ ^2g^29-2mei +... 

= [ - ^ + Ya'^s'] iog(0 + [ - + ^s- ^^s^g;'] ^ 

+ \^gi - -^sg', + -^s^ - "21 1 0(^0) 

n008 ^ 20160 ' 26880 161280 ^ ^ ^ 

+ contributions to 2{g + n) — 2 > 4 , 

where g^ = (eie2) and s = (ei + £2)^. Here Bm = ( gri-i — l) %^ and the Bernoulli numbers 
Bm are defined by t/(e* — 1) = Ylm=0'^rn^- The expansion (I3.14p is simply obtained by 
evaluating p.8p with the assumption that a single hypermultiplet with mass m = t becomes 
massless at the node. 

From (I3.14P we can read the leading behavior of the F^"''^^ 

l\f{n,g) 

^^"•^^ = ^2(^ + 0(*°)- (3-15) 

For example 

iV(2'0) = ^, Ar(M) = _L, Ar(o,2)^_^ (3_;Lq) 

5760 1440 240 ^ ^ 

The absence of subleading terms up to order 0{t^) is the gap condition, which provides 
just enough condition to fix p^^'^\u) [18]. The genus one case, F^^'^^ follows from the 
genus one holomorphic anomaly equation and the boundary condition at the node in ()2.8p . 
^(1.0) jg purely holomorphic and the simplest global function compatible with its boundary 
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conditions from (j2.8p is given below. 

= -^log(G„^,|n'^m^A|^) , (3.17) 

= ^ log(u^m'^A) . (3.18) 

The constants o, b, c and d can be be determined using the known behavior at large ra- 
dius. 

3.2 The local Calabi-Yau geometries 

It is convenient to use the language of an abelian (2, 2) gauged linear c-model |48) whose 
vacuum manifold describes the geometry of the local Calabi-Yau threefolds M as a sym- 
plectic quotient or as a toric variety. For the cases at hand one considers r chiral fields 
Xi, i = l,...,r and a gauge group [/(l)^^^ x ... x ?7(1)('"~^'' under which the fields Xi 

(k) 

have integer charges , i = 1, . . . , r, i = 1, . . . , 3 — r, subject to the anomaly condition 
Qf"^ = 0. The vacuum manifold parametrized by the vacuum expectations values Xi of 
scalar components of the Xi then forms the local Calabi Yau geometry. This can be seen 
as the quotient manifold of the Xi subject to the D-term constraints Yll=i Qi'^ — ^A; 
modded out by the gauge group, where r^, are the Kahler moduli which get complexified by 
Fayet-Iliopoulos terms to = rj. + 16].. In the geometric phase one has > 0. 

Equivalently in the standard toric description one describes M as 

M = (e\57^)/(c*)'^-^ (3.19) 

where SIZ is the vanishing locus of the Stanley-Reisner ideal and the (C*)'s act by — )• 
(^{fc))Qf'2;fc, i = 1,. . . ,r, /c = 1,. . . ,r - 3. 

The mirror geometry W is given by |17j 

r 

Y,yi = H{x,y,u) . (3.20) 



uv 



Here the in are identified under a C* scaling relation yi 1— )• nyi and constrained by ni=i Vi ' - 
Uk- This allows to reduce to the x^y parameters in H{x,y,u). The Uk are complex defor- 
mations of the mirror geometry and mirror symmetry allows us in particular to explore 
the (ei,e2) refinement of the topological partition function in non-geometric phases as 
well. 

For Calabi-Yau manifolds 0{—Ks) — ?• S the local mirror geometry can be constructed as 
decompactification limits of the mirror Wc of a compact elliptic fibration Mc over S. More 
precisely in the large radius limit of the elliptic fiber the periods integrals of the holomorphic 
(3, 0) form over the relevant 3-cycles in Wc become integrals of the meromorphic form 

A = log(x)y. (3.21) 
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over 1-cycles in the Riemann surface C 



H{x,y,z) = 0. (3.22) 

More generally the data (13.211 I3.22P may serve as the definition of the i?-model geome- 
try. 

In the following we give explicit examples of local Calabi-Yau threefolds of the type M = 
0{—Ks) — 5- S, where S is toric. 

3.3 The local Calabi-Yau manifold C>(-3) 

According to the constructions of local mirror manifolds reviewed above the (M, W) ge- 
ometries are described by the charges Q^*^ G For the C'(— 3) — )• P'^ geometry one has four 
chiral fields Xi with U{\) charges 

Q = (-3,1,1,1) . (3.23) 

To determine -F(ei,e2,t) for a local Calabi-Yau geometry with genus one mirror curves all 
we have do is to bring the genus one mirror curve C given by 

H{x,y;z) =y'^ + xy + y + ux^ = (3.24) 

of the 0{—3) —7- geometry to Weierstrass form (13. 2p with 

g2 = 3^{l + 24u) 53 = 3^(1 -h36u 216^2) . (3.25) 

Further we note that cq = 9, a = 7, b = —1. Using this information the F^"'?) can be very 
efficiently calculated as global sections over the moduli space. In the present case we are 
interested in the mirror prediction for the A model at the large volume point. We obtain 
the BPS invariants as this point by equating (j2.7p in the holomorphic limit Im(r) — )• oo 
with ()2.8p . The direct integration method is very efficient for the one parameter cases. We 
calculated the Nf^ ■ up to d = 9. 

J L ij Ft 

Up to small typos in p4] the results up to d = 5 agree with the results of the generalized 
vertex ^24j . 

3.4 The local Calabi-Yau manifold 0{-2, -2) ^ x 

Here we describe explicitly the refinement of the five dimensional index for the local Calabi- 
Yau manifold 0{—2, —2) — )• P^ x P^. The geometry is physically very interesting as it 
contains the refinement of the 4d = 2 Seiberg Witten gauge theory [30], the refinement 
of the 3d Chern Simons theory on the lens space L(l,2)0 and a potential refinement of 
the ABJM theory [ID] [36] • 



12 



d 




il|2 |3^4|5^6f7f8f9 f lOf 11 f 12 f 13 f 14f 15 f 16f 17f 


1 





1 


2 





1 


3 




1 

2 


1 

1 


4 




1 

2 

2 

3 
2 


1 1 1 
1 1 1 
1 

1 


5 




1 

2 
1 

3 
2 

2 

5 
2 

3 


1 1 1 2 2 2 1 
1 1 2 2 3 2 1 

1 1 2 2 2 1 

112 11 
1 1 1 
1 

1 


6 




1 

2 
1 

3 
2 

2 

5 
2 

3 

7 
2 
4 
9 
2 
5 


11326485722 
1235699 10 75 1 1 
113377 11 9942 
1 13477 10 64 

1 1 3 4 7 6 6 2 1 
1 1 3 3 5 3 2 

1 1 3 3 3 1 

112 11 
1 1 1 
1 

1 


7 




1 

2 
1 

3 
2 

2 

5 
2 

3 

7 
2 
4 
9 
2 
5 

n 

Z 

6 

13 
2 
7 
15 
2 


6 6 12 13 19 21 26 26 26 22 15 9 4 2 
4 7 12 17 24 29 37 41 45 41 35 23 13 5 1 
2 3 8 11 18 23 33 40 48 50 49 39 25 12 4 1 
1 3 4 9 13 21 27 38 44 50 46 38 22 10 3 1 
1 1 3 5 10 14 22 29 38 41 41 31 19 7 2 
1 1 3 5 10 14 22 27 34 32 26 14 6 1 

1 1 3 5 10 14 21 24 26 19 11 3 1 
1 1 3 5 10 13 18 18 15 7 2 

1 1359 11 13 951 

1 1 3 5 8 8 7 3 1 
1 1 3 4 6 4 2 

1 1 3 3 3 1 

112 11 
1 1 1 
1 

1 


d 




il|2 |3^4|5^6f7f8f9 f lOf 11 f 12 f 13 f 14f 15 f 16 f 17f 



Table 1: Non vanishing BPS numbers Nf^ j^ of local 0(-3) ^ up to d = 7. 
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For the case at hand we have five chiral fields Xi, i = 1, . . . , 5 and a gauge group U{1)^^^ x 
C/(l)*-^^ under which the fields have charges 

Q« = (-2, 1, 1, 0, 0), ^ (_2^ 0, 0, 1, 1) , (3.26) 

respectively. The vanishing locus of the Stanley- Reisner ideal is 5V = {xi = X2 = Olujxs = 
X4 = 0} 

The elliptic curve of the mirror is given as 

i?(x,y) = 1 + X + — + y + — = . (3.27) 

X y 

These periods integrals are annihilated by the two Picard-Fuchs operators 6i = Ui-^ 

£W= 02_2(^^ + ^2-l)(2^i + 2^2-l)ni , . 

el-2{ei + e2-i){2ei + 2e2-i)u2 , ^ ' 

which have a constant solution and two logarithmic solutions ti = log(ni) + S(ni,M2) and 
t2 = log(n2) + S(Mi,n2). This suggests to change parameters and introduce u = ui and 

A, = log(ni)-log(n2), (3.29) 

which is a trivial solution. We can now separate the derivatives in the operators (13.280 and 
capture the system by one differential operator of third order in n, where we understand 
m = e^" now as a deformation parameter. This situation is similar to rank one N = 2 
Seiberg-Witten (gauge) theories. The latter have one coupling constant related to the 
complex structure and thereby to elliptic integrals of the curve and up to 9 mass parameters 
for hypermultiplet fields. Indeed the geometry of 0{—2, —2) — t- x there has a Seiberg- 
Witten limit [30j, with a SU{2) gauge group and without hypermultiplets. In the above 
parametrization it is at {m^u) = (0, 1/4) and the decoupling of the mass scale m becomes 
very simple in the (m, u) variables. 

After same changes of variables [32] we can parametrize the curve ()3.22p as 

2 2 2 / \ 

y + X — y -= — mx y = (3.30) 



(3.31) 



and bring it into Weierstrass form (13. 2[) using Nagells algorithm, with 

52 = 27n^ (16^2 (^rn^ -m + l) - 8u{m + 1) + l) 

53 = -27u^(-l + 4u(l + m))(l - 8u{l + m) + 8u^i2 - 5m + 2m^)) . 
This yields a J-invariant 

_ (16 (m2 - m + l) u2 - 8(m + l)n + l)^ 

" m2n4 (16(m - 1)2^2 - 8(m + l)u + 1) ' ^^'^^^ 
The coefficients in (|3.17|3.18p are given by a = 7, 6 = |, c = — 2 and d = —1. 
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With this information the direct integration determines 

A 2 77^(0,2) _ 2560X=' , 16X'\3nlu^+5{m+l)u-8) 

X((m2+50m+l)u2+6nf(m+l)u3-20(m+l)u+13) 

9nf (2m2+5m+2)ii'*-3(5m2+76m+5)n2-(31m^-168m2-168m+3l)u^+51(m+l)«-23 

6480 ' 
A2 p(l,l) _ 32X^n2 I X{{ni'^-10m+l)u^~nl(m+l)u^ + (m+l)u-l) 

nf (43m2+130m+43)u* + (90m2-548m+90)u2-4(29m3-127m2-127m.+29)«3+4(m,+l)«+13 

8640 ' 
A2z?(2,0) _ ^"2 n2(l7m2-370m+17)M"'+2(75m2+514m+75)ii2_(84m3+508m2+508m+84)M3_ii6(m+l)u+33 
^ ^ ' — 34560 

(3.33) 

and all higher genus amplitudes. Here we introduced ni = (m — 1) and n2 = (1 — mu — u) 
and rescaled u by u — t- n/4. 

Here we note that in order to implement the gap condition we introduce the conifold variable 
u by 

1 u 
4(^+1)^ ~ 16 

and expand around small u, which means close to the conifold. One property of the co- 
ordinate u that follows from (j3.32p is that lim.u^Q-jj^^ = independent of m. As a 
consequence we can invert ()3.32p near -u ~ and (7 ~ for q{m, u) and obtain (13. 9p and 
(j3.6p as expansions in u, whose coefficients are exact rational functions in m^/^. 



3.4.1 Nekrasov's 4d partition function at weak and strong coupling 

If we change coordinates to [271 EQ] 



1 e^" 

we obtain in leading order in e from (|3.9p the Seiberg-Witten a period and the leading e 
order of Z reproduced exactly Nekrasov's partition function. Similarly using the variable 
(|3.34p and expanding near m = in m and near u = we obtain to leading order in e 
the partition function Z of = 2 Seiberg-Witten theory, in the strong coupling region, i.e. 
at the monopole and dyon point. The relation between refined string theory on del Pezzo 
surfaces and N = 2 field theory is more interesting for higher del Pezzo surfaces and will 
be further discussed in 1221. 



3.4.2 BPS invariants for 0{-2, -2) ^ x in the large volume limit 

We did the recursion up to genus 9 and observe for the refined BPS invariants and report 
first some of the Ug^^gj^ 
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di 





1 


2 


3 


4 


5 


do 























-2 














1 




-2 


-4 


-6 


-8 


-10 


-12 


2 







-6 


-32 


-110 


-288 


-644 


3 







-8 


-110 


-756 


-3556 


-13072 


4 







-10 


-288 


-3556 


-27264 


-153324 


5 







-12 


-644 


-13072 


-153324 


-1252040 



Table 2: Instanton numbers tiq^^^ of O 



{-K) ^ pi X 





di 


1 


2 


3 


4 


5 


d2 



















1 














1 


1 


10 


35 


84 


165 


286 


2 





35 


359 


1987 


7620 


23414 


3 





84 


1987 


20554 


134882 


657672 


4 





165 


7620 


134882 


1392751 


10110954 


5 





286 


23414 


657672 


10110954 


104334092 



Table 3: Instanton numbers n'^^^'^ of 0{-K) x 





di 


1 2 


3 


4 


5 


d2 

























1 




9 


68 


300 


988 


2 




68 


1016 


7792 


41376 


3 




300 


7792 


95313 


760764 


4 




988 


41376 


760764 


8695048 


5 




2698 


172124 


4552692 


71859628 



Table 4: Instanton numbers n'^-'^'^ of 0{-K) 





di 


1 


2 


3 


4 


5 


d2 















1 




-6 


-56 


-252 


-792 


-2002 


2 




-56 


-1232 


-11396 


-65268 


-278564 


3 




-252 


-11396 


-184722 


-1726770 


-11307496 


4 




-792 


-65268 


-1726770 


-24555200 


-233289152 


5 




-2002 


-278564 


-11307496 


-233289152 


-3087009512 



Table 5: Instanton numbers n'^^'^ of 0{—K) 



Changing the basis according to (I2.15P yields 



1 if jL = ^,jR = \ + d 
otherwise 



(3.36) 
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di 1 2 


3 


4 


5 














1 










2 


-120 


-1484 


-9632 


-43732 


3 


-1484 


-33856 


-364908 


-2580992 


4 


-9632 


-364908 


-6064608 


-62822028 


5 


-43732 


-2580992 


-62822028 


-912904128 



Table 6: Instanton numbers nf"^^^ of 0{-K) xF^. 





di 1 2 


3 


4 


5 























1 










2 




-12 


-116 


-628 


3 


-12 


-580 


-8042 


-64624 


4 


-116 


-8042 


-167936 


-1964440 


5 


-628 


-64624 


-1964440 


-32242268 



Table 7: Instanton numbers ng^a'^^ of 0{-K) ^ x P^. 



as well as the refined invariants reported in Table [51 



(C?l,d2) 




oi 


1^ 

^ 2 


2|3^4|5i^6 


f7^8f9 


19 

2 


(2,2) 









1 1 








1 

2 






1 






(2,3) 









1 1 2 








1 

2 






1 1 








1 






1 






(3,3) 







1 


13 3 4 








1 

2 






12 3 3 


1 






1 






1 2 


3 






3 
2 






1 


1 






2 








1 




(3,4) 





1 


1 


3 4 7 6 


7 1 1 






1 

2 






12 4 6 


8 2 






1 






1 2 5 


6 7 1 






3 
2 






1 


2 4 1 






2 








1 2 3 






5 
2 








1 1 






3 










1 



Table 8: Non vanishing BPS numbers Nf^r' of local 0(-2, -2) ^ P^ x P 
These results of Table [8] agree with the ones of [24j . 
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3.4.3 The refinement of perturbative CS theory on the Lens space L(2, 1) 



In the above parametrization the AB JM shce [36] [10] [32] is given by m = 1 and in particular 
the Chern-Simons theory on the lens space point L(2, 1) |2] is at (m, n) = (l,oo). The 
analysis and the choice of variables is quite similar to [2] except that we do not have 
to solve differential equations, as we can infer all properties of the local cusp expansions 
from the universal relation (j3.32p between the complex structure parameter r, defining the 
periods up to normalization, and (13. 9p . 



Unlike at the conifold (|3.34p one has to evaluate expressions like (j3.33p at a point in the 
li-plane where 1/J does not vanish for generic m, but only for m = 1, which is therefore 
the cusp point. To get the correct double scaling limit near the orbifold point, the local 
parameters (m, u) can be defined as 

m = 1 — m, u = — ^ . (3.37) 
Since 1/J small we can invert ()3.32p for (m, n). 

We further need to express the rh, u in terms of the flat coordinates, which are given by the 
periods and the period a{u,m), which can be calculated from (13. 9p . There is a subtlety 
in the latter calculation, because as we mentioned we have normalized 52 and (73 so that 
a(n, m) is a solution to the system (I3.28P at {u, m) = (0, 0). Clearly scaling g2 — )• /^(n, •m)g2 
and 5(3 — >■ f^{u,m)gs does not change the J- function and hence the relation between q and 
u,m. Prom (13. 9p is is however clear that the scaling changes the normalization of the period 



that vanished at the cusp, by the factor I//2. To get the correctly normalized solution 
we set f{u,m) = -^^4 . That yields 

1 2 9 o 25 4 fl225m^u m^u^\ 
a{u, m) = mu + -m u + ■^m'^u + -^^m u + I t^ooa ^ -,^0 ) + • • ■ (3.38) 



4 64 256 V 16384 192 

as one solution and we chose — A^ as the second. We get then 



rh = 1 - exp{-As) = As + ©(A; 



2^ 



U 



A 



+ « + J-aA - ^ (aA'^) - ( + 12^") + ( ^7°^' - J>L\ + n fe^l 

^ 4 ^ 192 "^^s 256 K^^^s) \ l92As ^ 737280 / ^ V 196608 768 / ^ ^ V*" / 



(3.39) 

Because the small parameters are m ~ tt ~ e we have a ~ while A^ ~ e. This defines the 
order and convergence of (j3.39p . Defining as in [2j 

A^i =5i = ^(A + a), N2 = S2 = ^iA-a) (3.40) 

we get the genus partition function from integrating Fq = J da J dar 

F(O'O) = l{Sf log(5i) + Si log(52)) + isiSf + 65?^2 + ISSfS^ + ...)- 
(45i + 45SfS2 + 2255f 52 + 150053^3 + ...)+ o{S^) , 

which agrees with the results Here and in the following the . . . mean addition of 
symmetric terms in Si and 5*2. To match with the matrix model, the genus counting 
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parameters of the topological string and the Chern Simons matrix model was related [2] by 
= 2igs. We extend this to the refined model by by setting 



efP = V2ier i = l,2. (3.42) 
The rational for this is to reproduce F^^'^^ and more general the leading terms (I3.16P of the 

]7{n,g)_ 

With this definition we can extract the refined amplitudes and calculate first 

F(i'O) = ^(log(5i) + log(52)) + ^{Sf + 3052^1 + Si)- 

^3^(25f - 255525? + 15305|52 + ...)+ (3.43) 
34836480 C^*^! + 945525f - 434705|5f + 1505705f 5? -...) + 0{S^) . 
The result for F^'^) agrees with [2] 

F(o.i) = -^(log(5i) + log(52)) - {S! - 6S2S1 + si) + 
^{Sf + 105525? - 905252 + ...) + 0(56) . 

For n + g = 2 we obtain the results for the refinement 



(3.44) 



p(2,0) T_ ( 1 _L 1 ^ I J_ I 60475^ -26430Si 52+60475| 



5760 V 52 ' 52 ; ' 192 ' 5529600 



as well as 



3653Sf-789125fS2+216054S2g|-... 

39813120 \ ■ J 

1939525f-15472305S'f5i+1617977255f52-3517590005j'S|+... 
63700992000 



7?(1.1) - JL- / 1 _L M I J_ I 20535^ -597051 52 +20535^ 
^ 1440 ys^ 5|y ^ 96 1382400 

12075f-134285?52+172265?5?-... , /o Aa\ 
9953280 '-^+ i-^-^b) 

652485f -27040955f 52 +80592755|5g +18390005| Sf + ... 
15925248000 



The result for F(°'2) 

77(0,2) 1_ ( 1 , l \ _ •g?+605i52+5| 

240 ys^ S^J 57600 
5]^+1265352 +37852 5|+1265i5g+5| (o 

1451520 ^ ■ ^ 

645g +3838552 5f +3345 75 5| 5f + 1 245005| 5f +.. . 
2654208000 

agrees with the result of [2]. Using our exact results for F^'^'^\X, m, u) these expansions are 
available up to n + ^i = 9. We note the F^^'^^ have no constant terms. This is expected from 
the matrix model description of [37J and its large A^-expansion. In fact these constants 
are canceled if we set x = 4 in Nqq contributing via (|2.1ip to the constants at infinity. 
Similarly the classical terms at large radius at order g~'^ and can be fixed from the 
matrix model expansion. In the en = slice we also checked to higher order that the 
perturbative expansion of the Chern-Simons matrix [37] agrees with the topological string 
according to the expectations in [2]. 
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The constant terms in i^(">o,g) ^-^^ j-^q^ zero. This is already to be expected from the 
fact that the refined Chern-Simons matrix model [3j on involves a shift in the Kahler 
parameter, relative to the refined topological string, due to a different choice of TZ. We 
have evidence that the shift + e+ leads to right parameters to compare with the matrix 
model description. A more precise parameter map for the full model is under investigation. 
It is also noticeable that for the choices 6 = 1/2 and 6 = 2 the expansions simplify. Such 
specialization of the refined ensemble were recently studied in [35]. 

4 Enumerative invariants of Calabi-Yau threefolds 

In this section, we review the enumerative invariants of Calabi-Yau threefolds that we will 
use: the stable pair invariants of Pandharipande and Thomas, and the Gopakumar-Vafa 
invariants. 

4.1 Pandharipande-Thomas invariants 

We begin by explaining the theory of stable pairs due to Pandharipande and Thomas |45tl47j. 
Stable pairs clarify the assertions made in [31] and and also provide mathematical proofs. 
We then return to the refined invariants with the benefit of stable pairs. 
Definition 1. A stable pair on a smooth threefold X consists of a sheaf T on X and a 
section s G H^{F) such that 

• J- is pure of dimension 1 

• s generates J- outside of a finite set of points 

A stable pair is a D6-D2-D0 brane bound state, and can be written as a complex 

X* : Ox A F. 

Let Pn{X^ 13) denote the moduli space of stable pairs with ch2(J^) = /3, x(-^) = ^- Then if X 
is Calabi-Yau, Pn{X,l3) supports a symmetric obstruction theory. See [5] for the definitions 
and basic properties of symmetric obstruction theories. 

There are only a few things that we need to know about symmetric obstruction theories. 
The basic idea of a symmetric obstruction theory is that the obstructions are dual to their 
deformations. For stable pairs, the space of first order deformations is Ext^(X*,X*) and the 
space of obstructions is Ext^(X*,X*). These are dual by Serre duality. 

An important feature of symmetric obstruction theories is that they have virtual dimen- 
sion 0, since deformations and obstructions have the same dimension. 

If M is the moduli space associated with a symmetric obstruction theory and M is smooth, 
then the corresponding virtual number is (— l)^™^*^)e(M), where e(M) is the topological 



20 



euler characteristic. This is because the bundle describing the deformations is the tangent 
bundle of M, so the obstruction bundle must be the cotangent bundle of M, and the euler 
class of the cotangent bundle is (-l)<^™(^)e(M). 

In general, the virtual number is a weighted euler characteristic. See [5] for more de- 
tails. 

Now let X be Calabi-Yau and let P„(X, /3) be the moduli space of stable pairs with 
ch2(-F) = /3 and x{P) = let Pn,i3 be the associated invariant, i.e. the degree of 

the virtual fundamental class of Pn{X^ (3). These invariants can be arranged in a generating 
function 

We let Zqw be the generating function for disconnected Gromov-Witten invariants: 
Zgw = exp {F'aw{\ Q)) , F'aw{\ Q) = Y.Y. ^9,P^^''^Q^^ 

where Ng^p is the Gromov-Witten invariant. The fundamental conjecture from which ev- 
erything will follow is 

Conjecture 1. After the change of variables q = — e*"^, we have Zpx = Zqw- 
Conjectured] is known to be true in the toric case [46]. 

In low degree, the stable pair moduli spaces have simpler descriptions, as they are isomorphic 
to relative Hilbert schemes. 

First of all, on a smooth surface S, the stable pair moduli spaces are isomorphic to relative 
Hilbert schemes. Let /3 G H2{S,Z) and let pa be the arithmetic genus of curves of class /3. 
Let C'"! be the relative Hilbert scheme parametrizing curves C of class /3 and n points on 
C (more precisely, a subscheme Z C C of length n). 
Proposition 1. ;^7/ Pi_p„+„(5, /3) ~ for any n > 0. 

Next, we claim that if S is Fano, then for each f3 G H2{S, Z), stable pairs on the total space 
X of Ks are identified with stable pairs on S, for small holomorphic euler characteristic. 
We state the result for P^. 

Proposition 2. Pi_p„+„(p2, d) = d) forn < d + 2. 

To prove Proposition O we first make the following claim: 

Claim: If C C X is a Cohen-Macaulay curve of degree d which is not contained in 
scheme-theoretically, then x(C'c) ^ 1 — Pa + (d + 3). 

To prove this claim, we first establish some notation, let J C Ox be the ideal sheaf of 
C and let / C Ox be the ideal sheaf of P^. For later use, / can be generated by a single 
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section p E Ox (—3) which vanishes precisely along P^. Note that J must contain j'^+i for 
some k, so that J + /*''+^ = J. 

From the filtration 

• • • J + 1"+^ cJ + rc---cJ + I^cJ + IcOx 
we get exact sequences 

J + /" J + /"-I J + r-^ 

which allow us to write 

x{Oc) = x{Ox/J) = Y.^' 



n=0 



Fixing n, we get a map 



n+l 



(J + /")/(J + /'^+i). (4.1) 



Since (J + T"')/{J + J"'"'"^) is generated by the image of I", we see that (pn is surjective. 
Since ~ C)p2(3n) is locally free on we can form (g, ker(/.„ C 0^2, 

which is necessarily an ideal sheaf Kn of a (not necessarily Cohen-Macaulay) plane curve. 
We conclude from gU that (J + /")/( J + 1"+^) ~ {0^2 /K„)(3n). 

Let (i„ be the degree of the plane curve defined by Kn, so that d = Y^dn- By Riemann-Roch 
we have 

X{{J + n/{J + > 3n(i„ + 1 - (d„ - l){dn - 2)/2. 

Then 

x(Oc) = ^((-^ + ^")/('^ + ^"^')) ^ E (3^^" + 1 - (rfn - l)(<in - 2)/2) . (4.2) 

n n 

If (i2 = 0, then C is a plane curve. If d2 > 0, then the smallest that the bound ()4.2p can be 
is if di=d-l and(i2 = 1, giving x(Oc) < 1 - (d - 2)(d - 3)/2 + 4 = l-pa + d + 3. 

The bound is sharp, as can be seen from the example J = {p'^,px, x'^~^), where p G Ox (—3) 
is a section vanishing on P^ and x is a homogeneous coordinate on P^. Then J+I = {p, x'^^^) 
and J + P = {p'^,px,x'^~^) = J, Ox/{J + 1) — Op2/(x'^~^) is just a line L with multiplicity 
d - 1, and (J + I)/ J ~ Ol(3), giving x(Ox/J) = xIOl-^-O + x(Ol(3)) = 1 - (d - 2)(d - 
3)/2 + 4 = 1 - pa + (i + 3. 

Proposition [2] follows immediately. If n < d + 2 then by the claim, C must be supported 
on P^ scheme-theoretically, and so a stable pair Ox ^ with F supported on C can be 
functorially identified with a stable pair 0^2 — )• T. 

Corollary. Pi_p„+„(X, d) ~ forn < d + 2. 
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4.2 Gopakumar-Vafa invariants 

By the BPS state counts in M-theory, integer- valued Gopakumar- Vafa invariants of X 
are proposed in |13j . These are are related to the Gromov-Witten invariants by the formula 



A priori, defined by above formula are rational numbers because the Gromov-Witten in- 
variants are rational numbers. The integrality conjecture is the assertion that the Gopakumar- 
Vafa invariants defined recursively via (j4.3p are integers. 

If Conjecture [U holds, we can write [28] 




Hence, Gopakumar-Vafa invariants can be deduced from Pandharipande-Thomas invariants. 
See [17| for more details on this approach. 

According to its origin in string theory, the GV invariants may be thought of as a 
virtual number of genus g Jacobians inside the moduli space of stable sheaves on X of 
pure dimension 1 with ch2(-F) = /3. This viewpoint led to a computational method for the 
GV invariants which we will review in the next section and will refine in Section [71 Using 
a symmetric obstruction theory on this moduli space, the genus GV invariants can be 
directly defined mathematically as the associated virtual number [29j . 

5 KKV approach 

In this section, we review the method of |31j for the geometric computation of the Gopakumar- 
Vafa invariants. In Section 17.31 we will show that the method readily extends to compute 
the refined invariants, using the refinement of the Pandharipande-Thomas invariants which 
we will describe in Section [71 Furthermore, the refined invariants can be used to compute 
the SU(2) X SU(2) BPS invariants. The computation will be implemented for local in 
Section [8l 

5.1 Generalities 

The idea of [31] was to compare the cohomology of the Hilbert schemes C''^] of length k 
subschemes (i.e. k points counted with multiplicity) of a smooth curve C with the cohomol- 
ogy of its Jacobian J{C). The comparison can be carried out either geometrically via the 
Abel-Jacobi mapping, or representation-theoretically by the associated Lefschetz actions of 




(4.3) 





(4.4) 
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SU{2) on the cohomologies of the Hilbert scheme and the Jacobian. It was further proposed 
that the relative Hilbert scheme could be used to extend the comparison to families under 
certain hypotheses. 

Pandharipande and Thomas observed in [U] that the methods of [3T] could be generalized 
and made more rigorous using the moduli space of stable pairs in place of the relative 
Hilbert scheme. We will begin with the ideas of [31] and then will reformulate these ideas in 
the language of stable pairs, thereby supplying the details of the observation of [17] . 

We follow the conventions of physics and denote by [k] the (half-integer) spin k representa- 
tion of SU(2), so that dim[/c] = 2A; + 1. 

Denote by Ii = [^] + 2g[0] the SU{2) content of the standard Lefschetz decomposition of 
the cohomology H*{C) of a genus g Riemann surface C. 

It is easy to see that the Lefschetz action on a genus g Jacobian J(C) is then 



H*{J{C)) 



e 

1=0 



9-1 



(5.1) 



as is easily proven by induction. 

Let C^^^ denote the Hilbert scheme of length k subschemes of C, which is just the /c-fold 
symmetric product of C, by the smoothness of C. Noting that [^] corresponds to the even 
cohomology of C while 2g^] corresponds to the odd cohomology, it follows that as SU(2) 
representations 



^^('CW) =0Sym^ - ^a'=-(25[O]) = 





i 




2 



Comparing (jS.ip and (j5.2p . we see that we have as SU(2) representations 

H*{C^9]^ = H*{J{C)) e F*(C[f-2]). 



(5.2) 



(5.3) 



More identities can be inferred by comparing (j5.ip and (|5.2p . but we need to establish some 
notation and conventions first. 



We introduce a linear operator 6 on the representation ring of SU(2), defined on generators 
as 

(5.4) 



k-l - 
2 . 





A; > 
k = 



In [31], 6 was described in terms of the SU(2) raising operator, which acts on H*[J{C)) as 
cup product with the cohomology class of the theta divisor of J{C). 

Again by comparing (|5.ip and (|5.2p . we get equalities of SU(2) representations 

i/*(c[^]) = e3-^H*{j{c)) e F*(c[^-2]) ^5_5) 
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for each < k < g, where we understand H*{C^''-'^^) = for /c < 2 and Clo^ to be a point. 
The case k = g is just (15. 3p . 



By the structure of massive 5-dimensional BPS representations, the Hilbert space of BPS 
states associated to M2-branes wrapping a homology class /3 E H2{X,'L) can be written as 



1 



,0 2(0,0) 



(5.6) 



for some SU(2) x SU(2) representation Up. The SU(2) x SU(2) BPS invariants N^^^-^ are 
then defined as the multiplicities of the representations [(iL,j_R)] in %: 

The Gopakumar-Vafa invariants can be deduced from (|5.7p by 



(5.8) 



where as usual the operator (—1)^^ is the identity on integer spin representations of SU(2)/j 
and is minus the identity on half-integer spin representations. Explicitly, we have 



9=0 



JL 



3l_ 
2 



(5. 



For the rest of this paper, we consider X to be a local toric Calabi-Yau threefold, the total 
space of the canonical bundle of a toric Fano surface S. Let /3 G H2{S,'Z) be an effective 
class, and let pa be the arithmetic genus of the curves in the divisor class /3. 

The ansatz of |31j was that (|5.5p holds in families as follows. Let C be the universal curve 
of class (3. Let C^^^ denote the relative Hilbert scheme of k points in the curves of the 
family. Let us further suppose that C'^l is smooth, so that its cohomology supports an 
SU(2) representation via Lefschetz. Then the assertion was that 

H* (^Cl*-']) = (^^""''^/3)gu(2) ® ^* (c'^'^^l) + correction terms, (5.10) 

where the correction terms arise from reducible curves. These correction terms will be made 
precise below from the theory of stable pairs. In [31], the GV invariants were deduced from 
(|5T0]1 by applying Tr(-l)^. 

The identity (j5.10p is to be understood as an identity of SU(2) representations. The SU(2) 
representations on H*{C^'^^) and H* (C^^~'^^) are just the respective Lefschetz actions as 
before so we just have to explain the meaning of (^^''~''?^/3)su(2)a ■ representations of 
SU(2)i X SU(2)k, we define 6 by via the SU(2)i representation, i.e. 

0i[ijL,jR)]) = {O{[jL]))0[jR]. 
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The subscript SU(2)a denotes that the resulting SU(2) x SU(2) representation should be 
restricted to the diagonal SU(2) C SU(2) x SU(2). 

We now update the method of |31) . rigorously explaining the computation of the GV in- 
variants from the PT invariants, assuming the product formula ()4.4p . While the method 
of [31] is not needed to compute the GV invariants from (j4.4p . the use of this method will 
serve as a warm-up for our handling of the refined invariants in Section [8l 

In Section HTD we saw that if C denotes the universal curve of class /? in S, then we have 

Pfc+i_p„(X,/3)=cW 

for sufficiently small k. For 5 = and curves of degree d, the bound is k < d + 2. For 
general k, we need to use i-*jt+i_p^(X, /3) in place of C^^l in (I5.10|) . 

Putting r = Pa — k and continuing to assume for the moment that the PT moduli spaces 
are smooth, (jS.lOp becomes 



H* {Pi-riX, /?)) = 0''ni3 e H* (P_i_r(X, /?)) + correction terms. (5.11) 

V / SU(2)a 

If Pn{X,f3) is smooth, then we hav( 



TT{-lf H*{Pn{X, (3))= P, 



n,p- 



Applying Tr(-l)^ to (l5T0]) . using (jS.Sp . and replacing the euler characteristic of a smooth 
Pn{X, j3) more generally with Pn,p-, we arrive at a precise statement that can be proven. 



Proposition 3. There are explicit identities 

'SU(2)a 

2g-2\ (2g-2\\ , , q , ^ ( ( 



9>1 

where the omitted terms O {^{n'^)^ j are explicit nonlinear terms in the {n!^} arising from 
the expansion of 

The terms O (K)^) are precisely the correction terms of [31]. Thus, Proposition S is a 
mathematically rigorous formulation of the validity of the KKV method. The 5^,0 in the 
statement of the Proposition is the usual Kronecker delta. 

Note that the smoothness of the PT moduli spaces is no longer assumed. 



*If we have a symmetric obstruction theory on a smooth projective variety A4 (e.g. the obstruction theory 
on the moduh space of stable pairs) then the virtual fundamental class is just ( — l)'*""^(e(A1)). In terms 
of the Lefschetz action, this is Tr(-1)^//*(A^). 
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The proof of Proposition [3] is straightforward. We focus on the terms of class f3 by writ- 
ing 

/3 

Then from (14. 4p we obviously have 

4. =e-$(e C'; \y] + ti-'y-^'^-h' + o ({n^y) . (5.12) 

g>l \ k ^ / j=l ^ ^ 

From ()5.5p and the definition ()5.8p of the n^, we compute that 

^'<-i''K)su.u -E"j{f;:.') - G-;-2)} 

The lemma follows immediately from (15.12^ and (I5.13p . with the O {i^^i^K^^ terms in the 

statement of the lemma being precisely the difference of the two explicit O terms 
in the expansions of Pi-r,i3 and arising from the product formula (14. 4p . 

5.2 Local p2 

We now illustrate the low degree cases with X equal to local P^. For curves of degree d, we 
have Pa = Paid) = (d— l){d — 2)/2. We will assume that = for (j( > Pa{d). As explained 
in Section 14. H the PT-moduli spaces will be equal to the relative Hilbert schemes in the 
cases discussed below, so the PT invariants can be calculated by hand. 

d = 1. Since lines have genus 0, we set = for 51 > in the generating function (j4.4p . 
which gives 

00 ^ / 00 \ 

ZPT = n (1 + (-ly+'^'Q)'"^ + O(Q') = 1 + Q n? J](-l)-(n + + 0{Q^) 

j=l \ n=0 / 

Comparing coefficients of qQ, we see that Pi^i = and there are no correction terms, 
matching Proposition [3] with /3 = 1, r = 0, and Hi = [0, 1]. But Pi{X, 1) is just the moduli 
space of lines in P^, itself a P^. So Pi,i = +e{Pi{X, 1)) = 3, so that n? = 3. 

d = 2. Since degree 2 curves have arithmetic genus 0, we set = for g > 0, and then the 
expansion of ZpT has the form 

n n (1 + (-ly+^'Z'Q')'"' + 0{Q') = 1 + Q(. • • ) + QH^Q + 0{q^)) + 0{Q^). 
d=lj=l 

The coefficient of qQ^ gives Pi, 2 = However, Pi{X, 2) is the space of conies in P'^ with 
no point, parametrized by P^. Thus Pi, 2 = — e(P^) = —6, giving 71-2 = —6. This is in 
agreement with Proposition [3] with d = 2 and r = 0, and ?^2 = [0,5/2]. 
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d = 3. Since degree 3 curves have arithmetic genus 1, we set rig = for g > 1, and then the 
expansion of ZpT gives 




Po,3 = —10. Next, Pi{X,3) is the universal cubic curve C. Consider the map C — t- P^, 
which forgets the curve and remembers the point, {C,p) i— )• p. This exhibits C as a P^- 
bundle over P^, since the space of cubics through any point of P^ is a codimension 1 hnear 
subspace of P^, i.e. a P^. In particular C is smooth. Taking the euler characteristic gives 
ng = e(C) = (9) (3) = 27. These results are consistent with Proposition [3] for d = 3 and 
r = 0,1 and Tis = [1/2,9/2] + [0,3]. 

d = 4. Since degree 4 curves have arithmetic genus 3, we set n| = for g > 3, and then the 
expansion of ZpT has the form 



Comparing coefficients, we see 

-P-2,4 = nl, P_i,4 = nl + 4nl, Po,4 = nl + 2n\ + 6n|, Pi,4 = n\ + n\^ 4n\ + n\n\ (5.14) 
This gives immediately 



Note in particular the natural occurrence of n^ng in the last equation of (jS.lSp . This product 
was explained in [3Tj as a "correction term" arising from quartic curves which factor into a 
line and a cubic, but the equation makes its role very clear. 

We now compute the degree 4 GV invariants. 

Now P_2(X, 4) is the moduli space of quartic plane curves, which is isomorphic to P^^; 
hence P_2,4 = 15. 

4) is the universal curve, a P-^'^ bundle over P^; hence P_i,4 = —(3) (14) = —42. 

Pq{X^ 4) is the relative Hilbert scheme of length 2 subschemes. Since any length 2 subscheme 
of P^ (including the degenerate case of a single point with multiplicity 2) imposes indepen- 
dent conditions on the space of degree 4 curves, is a P^^ bundle over the (smooth) 
Hilbert scheme (P^)'^! of length 2 subschemes P^, hence smooth itself. 



1 + Q(- ••) + •••+ {n\q-'^ + [n\ + 4nl) V 
n\ + 2n\ + 6nl) + {n\ + nl + 4n| + n\nfj q+..)+ 0{Q^). 



-fo,4 - -P-2,4 = nl + 2nl + 5ni Pi_4 - P_i,4 = + n?nj. 



(5.15) 
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The euler numbers of the Hilbert scheme are computed by 

J:e((p2)["l)." = ^(.)3 (5.16) 

n 

and m particular e((p2)[2]) = 9. So Po,4 = (9)(13) = 117. 

Next, Pi(X, 4) is the relative Hilbert scheme C'^^, a P^"*^ bundle over (P^)['^l, which has euler 
characteristic 22. So Pi,4 = -(22) (12) = -264. 

We then solve ()5.14p or equivalently ()5.15p for the to get 

nl = 15 

nl = -42-4(15) = -102 
nl = 117 - 2(-102) - 6(15) = 231 
nl = -264 - (-102) - 4(15) - (3)(-10) = -192 

This is ah consistent with Proposition [3] with 7^4 = [3/2,7] + [1, 11/2] + [1/2,6 + 5 + 4] + 
[0, 13/2 + 9/2 + 7/2], comparing with the first two equalities in (|5.14p (for r = 2,3) and 
with ([51^ (for r = 0, 1). 

The method can be applied without difficulty for d = 5 and for d = 6, g > 2. However, for 
d = 6 and g = 2, there is a problem because Pq{X,6), the relative Hilbert scheme C^^l, is 
not obviously smooth. This is not an obstacle, since the PT invariants can be calculated 
anyway by localization [46] . We will review the calculation in Section [6l 

To see the problem with smoothness, we project onto (P^)[^l and compute the fibers. If the 
8 points are general, then they impose independent conditions and the fiber is p^^-s _ pi9_ 
But if the 8 points are contained in a line L, then if they are also contained in a degree 6 
curve C, they are necessarily contained in the intersection C Ci L. But if C H L were finite, 
it could be no more than 6 points; hence C R L is infinite and C must contain L. We learn 
that the fiber consists of all degree 6 curves LU D, where D is a degree 5 curve. But the 
space of all D is a F'^^ and so the fiber dimension jumps, and we can no longer conclude 
smoothness. 

In general, for the family of degree d curves, C'*^] is smooth whenever k < d+1. We confirm 
this by checking the worst case, when k = d+1. As usual, we have a fibration C''^^"'^' — t- p['^+-'^l 
and want to check that the fibers are projective spaces of the same dimension. The generic 
fibers are projective spaces of dimension d{d+3)/2 — {d+1) = {d+2){d—l)/2, since general 
points will impose d+1 independent conditions on the space of all degree d curves. The 
worst possible case is when the d+1 points are contained in a line L. As in the degree 4 
case, if these points are also contained in a degree d curve, we conclude that L is contained 

^If 7 points are chosen to be contained in a line L instead of 8, the same argument shows C again contains 
L, but there will not be any jump in the fiber dimension in that case. 
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in C. Therefore C is the union of L and an arbitrary curve of degree d — \. But curves of 
degree d — 1 are parametrized by a projective space of dimension [d + 2){d — l)/2, and the 
fibers aU have the same dimension, as claimed. 

6 Pandharipande-Thomas for toric Calabi-Yau manifolds 

6.1 Combinatorics of the T- fixed loci 

In this section, we review the classification of torus fixed locus of Pn{X, d) via box configu- 
rations studied in [l6]. Let s : Ox T he a torus fixed stable pair. Consider the associated 
exact sequence 

Ic Ox J" Q ^ 0- 

Then the curve C is a torus invariant curve in X and the zero-dimensional cokernel Q of 
s is supported on torus fixed points. We start with a description of the torus invariant 
curves. 

We may restrict our attention to affine torus invariant open sets containing a unique fixed 
point. For example, in local there are three fixed points and three affine open sets 
containing each of these fixed points. Let xi,X2,X3 be the coordinate functions on a affine 
torus invariant open set U such that the torus T ~ (C*)^ acts by 

{tl,t2,h) ■ Xi = tiXi. 

Since C is T-fixed, it is defined by a monomial ideal / of the polynomial ring R = 
C[xi,X2,x^]. By the purity of C is a Cohen-Macaulay curve, i.e. a pure one-dimensional 
curve with no embedded point. Therefore the ring R/I is of pure dimension one. The set 
of such monomial ideals / is in one-to-one correspondence with the set of triples of three 
outgoing partitions as follows. 

A monomial ideal / in is associated to a three dimensional partition vr by considering a 
union of boxes corresponding to the weights of R/I in the group of characters of T, identified 
with in the usual way. The localizations 

{I)x, C C[xi,X2,X3]j:., 

for i = 1,2,3 are all T-fixed, and hence each corresponds to a two-dimensional partition 
vr*. One can think of vr* as a cross-section of the three dimensional partition vr by a plane 
Xi = c for a large integer c. We will call vr* the outgoing partition of vr. Conversely, given 
a triple (vr^, vr^, tt^) of outgoing partitions, the monomial ideal / is defined by a unique 
minimal three dimensional partition with outgoing partition (vr^, vr^, vr^). The minimality 
assumption is due to the Cohen-Macaulay property of the curve C. We denote the curve 
corresponding to the outgoing partition vf = (vr^, vr^, vr^) by C^. 
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Proposition 4 ([451). Let m C Oc be the ideal of a zero dimensional subscheme of a 
Cohen- Macaulay curve C. A stable pair {J-',s) with support C satisfying 

Support^^'^(Q) C Support(Oc/m) 

is equivalent to a subsheaf of M'om{m'^ ,Oc)/Oc, for r ^ 0. 
We have inclusions 

by the purity of Oc- Hence, by Proposition |H we may consider a stable pair as a subsheaf 
of the limit 

\^Jifom{m\Oc)/Oc. 

r 

Under the equivalence of Proposition (U the subsheaf of Im^J^omim^ , Oc)/Oc is precisely 

r 

the cokernel Q. 

Let 7r^[x2,X3] be the monomial ideal of C[x2,a;3] defined by a partition tt^, and let 

Ml = C[xi,xr^] (C[x2,X3]/7rl[x2,X3]) . 

We define M2 and M3 similarly. Hence, Mi may be viewed in the space of T-characters as 
an infinite cylinder Cylj G along the with cross-section vr*. 

Then we have 

3 

In^ =^om(m^ Oc) ~ M, =: M. 

r i=i 

The submodule Oc in M is generated by (1, 1, 1). Hence, the T-fixed stable pair {J^\u, s\u) 
corresponds to a finite dimensional T-invariant submodule of M/((l,l,l)). In [46], this 
submodule is described by box configurations as follows. 

There are three types of T- weights of M/((l,l,l)): 

(i) weights which are contained in exactly one cylinder Cylj and have negative i-th coor- 
dinate. The set of all weights of these type is denoted by I~. 

(ii) weights which are contained in exactly two and three cylinders. The sets of weights 
of these types are denoted by E and III respectively. 

Let Cm be the one dimensional weight space with the weight w. Then, we have by definition 

M/((l,l,l))= C^e0(C^)2. (6.1) 

The i?-module structure on M/ ((1, 1, 1)) is such that multiplication by Xi increases the i-th 
coordinate of the weight vector by one. See |l6] for more precise statements. Therefore, 
the T-fixed pair on U can be described by a T-invariant i?-submodule of (|6.ip . which by 
taking its T-weights, yields a labeled box configuration in I~ U H U IE. 
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Figure 1: The figure shows boxes of type I~ in red, boxes of type H in blue (hght) and 
two uncolored positive cylinders corresponding to the partitions (3, 1, 1) and (1,1)- In local 
toric Calabi-Yau manifolds there are only two cylinders and no boxes of type HI. 

A labeled box configuration is a collection of a finite number of boxes supported on I~UIIUIII, 
where a box at a type III weight w may be labeled by a one dimensional subspace of (C^j)^ 
in (j6.ip . A box indicates the inclusion of the corresponding T- weight in Q. An unlabeled 
type in box indicates the inclusion of the entire two dimensional space {C^f in Q. Fixed 
point loci corresponding to box configurations not containing any labeled type III boxes are 
isolated. Since box configurations correspond to submodules of M/((l,l,l)), it must be 
invariant under multiplication by Xj. We refer to [46] for more detail. 

We return to the case where X is local P^. Local has three T-fixed points, denoted by 
Po, pi, and p2- Let Lij be the T-invariant line connecting pi and pj. Then, as there is no 
compact T-invariant line along the fiber direction, we do not have any type III boxes|f| It 
follows that all T-fixed points in Pn{X,d) are isolated. Since there are no labeled type III 
boxes, the condition that the labeled box configuration defines a T-invariant ii-submodule 
is simply as follows. 

(t) For w = {wi,W2,W3) G I^ U H, if any of 

{Wi - l,tt;2,«^3), {■Wi,W2 - l,W3), {Wi, 11)2,103 - 1) 

support a box then w must support a box. 

The length of the box configuration is defined by the dimension of corresponding submodule 
®The same result holds for any local Calabi-Yau threefold based on a toric surface. 



32 



of M/((l, 1, 1)) as a vector space, which in the case of local P^, is the same as the number 
of boxes. Then by [l6], we have the following. 

Proposition 5. Torus fixed points inPn{X,d) are in one-to-one correspondence with tuples 
{Bq, Bi, B2) of three box configurations satisfying the rule (f) such that for some triple 
A = (A°^, A°^, A-^^) of partitions with \\'^^\ + |A°^| + \X^'^\ = d, the outgoing partitions of 
Bo,Bi,B2 are (A°\A°2,0), (A^^A°\0), and (A°2,A^^0) respectively, and the sum of the 
lengths of Bq, Bi, B2 is equal to n — x{0^^-^^), where C(A) is the torus fixed curve on 
defined by the partitions along T -invariant line Lij. 

Proof. A T-fixed stable pair (J^, s) is supported on a T-invariant curve of degree d, which 
is given by C(A) for some triple A of partitions. By the exact sequence 

^ O^^^) ^ ^ Q ^ 0, 

we have 

n = x(-^)=x(Q) + x(Oc(X))- 

Moreover, Q must be supported on fixed points, and by the above discussion, at each fixed 
point Q corresponds to a box configuration satisfying the rule (f). □ 

For a triple 7? = (vr-'^, vr^, vr'^) of partitions, define the renormalized volume \n\ by 

3 

|7f| =#{7rn[0,...,7V]3}-(iV + l)^|7r*|, iV»0, 

1=1 

where vr is the three dimensional partition corresponding to the curve C^. 
Lemma 1. In Proposition 

Ae{A0i,A02,Ai2} \j=l ^ ^ j 

+ I (AOI , A°2 , 0) I + I (Ai2 , A°\ 0) I + I (A02 , a12 , 0) I , 

where the partition A is written as A = Ai + • • • + \(\) with Ai > A2 > • • • \(\) (^'^^ the 
two-dimensional partitions A are oriented so that Ai represents the order of thickening of 
the associated line in the non-compact direction normal to P^. 

Proof. Each torus fixed line Lij is isomorphic to P^, and has normal bundle Opi(l) © 
£?pi(— 3). This follows from an elementary computation by applying [38i Lemma 5]. □ 

The case when X is local P^ x P^ is similar. Local P^ x P^ has four T-fixed points po, pi, 
P2 and p3, and four T invariant lines Lij connecting them. The torus fixed points are given 
similarly by tuples of box configurations at four points whose outgoing partitions are given 
by partitions along four invariant lines. We state the results. 
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Proposition 6. Let X he local x P^. Torus fixed points in Pn{X, {di, ^2)) are in one-to- 
one correspondence with tuples (Bq, Bi, B2, B^) of four box configurations satisfying the rule 
(t) that for some quadruple A = (A°-^, A^^, A^^, A^'^) of partitions with (|A°^| + |A^'^|, lA-*^^] + 
|A30|) = {di,d2), the outgoing partitions ofBo,Bi,B2, and B^ are (A^°,A°\0), (A°\A^2,0), 
(A-*^^, A^^, 0) and (A^'^, A^*^, 0) respectively, and the sum of the lengths of Bq, Bi, B2, and B3 
is equal to n — x{^c{X)^' '^^^'^^ C'(A) is the torus fixed curve on P^ x P^ defined by the 
partition X"^ along T -invariant line Lij. 
Lemma 2. In Proposition^^ 

//(A) 

x(Oc(A))= E 

Ae{A0i,Ai2,A23,A30} \i=l 

+ l(A3^AO^0)| + |(AO^Al^0)| + |(Al^A2^0)| + |(A2^A3^0)|. 

As before, the two-dimensional partitions A are oriented so that Ai represents the order of 
thickening of the associated line in the non-compact direction normal to P^ x P-*^. 

6.2 Virtual equivariant tangent obstruction theory 

The virtual tangent space of Pn{X,d) at a point corresponding to a pair X* : Ox A is 
given by 

Ti' = Ext^(X*,X*) - Ext2(X*,X'). 

Consider 

3 

x(X-,X-) = E(-l)'ExtXX-,X-). 

i=0 

The T-action on Ext''(X*,X*) ~ C is trivial. By Serre duality, Ext^(X',X*) is the one 

dimensional T-representation with T- weight 6~^, where 6 is the T- weight of Calabi-Yau 
form. Hence, in the representation ring of the torus T, we have 

Tx. = l-5-'-xiT',T'). 

It is enough to compute the representation of x(X*,X*). 

For each affine invariant open set Ua, we denote the T-character of T{Ua,J-') by F^. Let 
Uai3 be the intersection of Ua and Then, after reordering the indices if necessary, the 
T-character Fa/s of T{Uai3,J^) is of the form 

Fa/S = S{ti)Fa,3{t2,t3), 

where ti, t2 and ts are T- weights of three coordinate axis of Ua- Here S{ti) is the formal 
delta function at ti = 1 

1 tT^ 

1 



n=— 00 ^ 
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and Fo,p{t2,h) = ^ ^'^s"' where vr"/^ is corresponding outgoing partition. These 

(fc2,fc3)G7r°='5 

can be easily obtained from the description of T-fixed stable pair in Section 16.11 

In |46j . the representation of is computed in terms of and Fq,^ via the local- 

to-global spectral sequence and Cech complex with respect to open cover {Ua}- It can be 
easily seen that we only need contributions from Ua and Uap- 

Define the bar operation 

Q G Z((ti, t2, ts)) ^ Q G t2, ts)) 

by ti t^^ on variables. Let 

G -F - I^ + FF (l-^i)(l-^2)(l-t3) 

This is the contribution to the representation of from open set Ua- In general, 

is not a finite Laurent polynomial. To get a finite vertex contribution, a part of the edge 
contribution needs to be subtracted. Let 

r - F '^^P^F F (i-^2)(i-t3) 

'^aP — —i^aP — — H ^al3^ al3 — • 

E2E3 12*3 



Then the edge contribution from the open set Uai3 is 6{ti)Ga/3- We define a vertex charac- 
ter 

Va = Fa + Y.Y 



ti 



where the summation runs over the three neighboring vertices /3j. We denote the remaining 
edge contribution by Then it is shown in [46] that Va and Ea/^ are finite Laurent poly- 
nomials. The former is called the vertex contribution and the latter the edge contribution. 
Hence we obtain the T-character of 7i« . 

Proposition 7. In the representation ring of the torus T , we have 

Ti. = Y,Va + Y,Eap. (6.2) 

We restrict to a subtorus {5 = 1} <ZT preserving the Calabi-Yau form. Then, ()6.2p is of the 
form 7i« = Taux' — Obsx', where Tanx' and Obsx' are T-representations of Ext^(X*,X") 
and Ext^(T*,T*) respectively and are dual to each other. In the next section, we use Tanx' 
to define the virtual Bialynicki-Birula decomposition of Pn{X,d). 

We have written a Mathematica program to compute the equivariant obstruction theory of 
the d). 
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7 Refinement of the Pandharipande-Thomas invariants 



In this section, we define the refined PT invariants, first explaining the motivic viewpoint, 
and then the equivariant viewpoint. In Section [8] we will see that applying the procedure of 
Section [S]to the refined invariants leads to a geometric calculation of the SU(2) x SU(2) BPS 
invariants, assuming the equivariant product formula (j2.16p for the refined invariants. Al- 
ternatively, the verification of relationships between refined PT invariants using wallcrossing 
methods can lead, at least in principle, to a proof of the equivariant product formula. 



7.1 Virtual Bialynicki-Birula decomposition 

We first recall the Bialynicki-Birula decomposition. Let M be a smooth n-dimensional 
projective variety over C admitting a C* action with finitely many fixed points. For each p G 
M^* , there is an induced action of C* on TpM, leading to a decomposition into eigenspaces 
of the characters x of C* 

TpM= T^. (7.1) 

xex(c*) 

Put Tp*" = (Bx>oTp and = ®x<oTp and let dp = dimTp*", dp = dim Tp". Zero is not an 
eigencharacter since p is an isolated fixed point. 



Now let 



f/p = |x G M I linit • X =p| . (7.2) 



Then Up is a cell of dimension d^ . The collection of all cells Up constitutes a cell decompo- 
sition, the Bialynicki-Birula decomposition. It follows that the absolute motive [M] of M 
is given by 

[M] = L'^' ' (7-3) 

a polynomial in the absolute motive L = [C] of C. 

Let's now endow M with its canonical symmetric obstruction theory, with obstruction 
bundle T*M. We can view this as the symmetric obstruction theory associated to the 
trivial superpotential W = 0. Then the construction of [6j associates to (M, W = 0) a 
virtual motiv^ 

[Mr=(-L-i/2)'^[M] = (-L-V2y" ^ l4= ^ (^.j^-i/^y^-'^ (7.4) 

Remark. ()7.4p shows that [M]^''' is independent of the choice of C* action on M with 
finitely many fixed points. It is an open question as to whether the virtual motive depends 



^Our sign convention is chosen to match both the conventions of pliysics and the work [32] of Nekrasov 
and Okounkov to be discussion in Section [7.21 
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on the choice of a superpotential on a smooth variety containing M which induces the 
same symmetric obstruction theory. It is shown in [6] that the relative virtual motive is 
(— L~^/^)"^, independent of choices. Furthermore, the argument comes close to proving the 
desired independence for the virtual motive itself. 

We now return to the situation where X is a local toric Calabi-Yau threefold. Consider the 
PT moduli space Pn{X, (3) and let Pn{X, (3^ be its fixed-point locus. In Section [6?H we saw 
that Pn{X,/3)^ is isolated. Pick a 1-parameter subgroup C* C T sufficiently generic so that 
Pn{X,/3f* = Pn{X,pf. If Pn{X,/3) is smooth, there is an associated Bialynicki-Birula 
decomposition, leading to a formula for the absolute motive [Pn{X, /?)] as a polynomial in L, 
independent of the choice of C* C T. The virtual motive associated with {Pn{X, /3), W = 0) 
is then 

[PniX,(3)r= Yl (7.5) 
zeP„(x,/3)c* 

a Laurent polynomial in L^/^, and independent of the choice of C* C T. 

We will associate to any P„(X, /?), whether smooth or not, a virtual Bialynicki-Birula de- 
composition, leading to a virtual Bialynicki-Birula motive [Pn{X, /3)]"^ given by ()7.5p . 

In the smooth case, each term in the virtual motive is equal to the absolute motive of 
the corresponding cell in the Bialynicki-Birula decomposition times a power of -L-V2. In 
general, the exponent of L^^^^ is the dimension of the tangent space to P„(X, /?) at Z. 
Since P„(X, /3) is not assumed smooth, the exponents can be different for different fixed 
points. 

We will see in Section O that [Pn(X, /?)]"'' is independent of the choice of C* C Tq C T, 
where Tq C T is the subtorus which preserves the holomorphic 3-form. We see this indirectly, 
by translating from the motivic to the equivariant setting and using |42] . 

We remark that this sort of calculation was first attempted in [9] . 

Remark. A natural question to ask is whether there is a systematic way to define PniX, (3) 
as the critical point locus of a superpotential W on a smooth space. This would lead to an 
intrinsic definition of the virtual motive [Pn{X , 13)]'"^^ and would make it feasible to find a 
motivic proof of its independence of the choice of C* C Tq. 

7.2 Nekrasov and Okounkov's equivariant virtual index 

In this section, we review the results of [42], which will allow us to present our results in a 
more rigorous manner. 

We begin with a quick discussion of the virtual holomorphic Euler characteristic and virtual 
Riemann-Roch. A reference for this part is [llj. 
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Let M admit a perfect obstruction theory. Then M has a virtual structure sheaf O]^^, a 
class in K^{M). Given any class V G K^{M), its virtual holomorphic euler characteristic 
can be defined as 

x''''{M,V):=x{M,V0Otl). (7.6) 

The right hand side of (j7.6p can be computed by Riemann-Roch on M, which can be recast 
as virtual Riemann-Roch on M taken together with its obstruction theory. 

Now suppose that M admits a perfect obstruction theory, so that in particular its virtual 
dimension is and M has a Donaldson-Thomas-type invariant which we write as ^^^^{M). 
In this situation, the virtual canonical bundle KJf has a square root (KJ^^y^"^ (for example, 
if M is smooth, then (KJJ)^^^ is just the ordinary canonical bundle of M). Then the virtual 
index of M is 

X™(M,(E:™)i/2) = #vir(^)_ 

Now suppose that M and its obstruction theory E' are G-equivariant, with {E')'^ ~ E'f^S, 
for some character 6 of G. While KJ^ inherits inherits a G action, (K^)^/"^ need not and 
so we may need to go to a double cover G of G to define an equivariant virtual index, a 
representation of G rather than just a number. The fundamental result is that 

^"■■(M, (KX?)'/') G n^'^', (7.8) 
where 5^/^ is a character of G which is a square root of 6. 

Now suppose that we have a 1-parameter subgroup cr : C* G contained in the kernel of 
6 such that M*^ is finite. Then localization is particularly simple. 
Proposition 8. 

X"^(M,(KI}^)V2)= ^_si/2yt-^^_ (7.9) 

Note that (j7.9p is precisely the same as ()7.4p . with 5 in place of L. Since the equivariant 
virtual index has been defined without a choice of 1 parameter subgroup, we see that the 
right hand side of ([8|) is independent of the choice of 1-parameter subgroup a contained in 
the kernel of 6. Thus the virtual BB motive is independent of the choice of a as well. 

We now apply this to the situation of the FT invariants of a local toric Calabi-Yau threefold. 
Since each Pn{X,(3) is compact, the theory of 02] applies. We have G = T = (C*)^ 
and we let 6 be the character of the natural T-action on the T-invariant holomorphic 3- 
form on X as in Section |6.2[ Then the PT obstruction theory E' on Pn{X,/3) satisfies 
{E')"^ ~ E* 6. We can therefore define and compute the equivariant index for PT 
invariants by the results of this section. This index, the refined PT invariant, will be 
denoted by P^,^(X) G Z[6^/\6^/^] ~ Z[LV2,l-V2]. 
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7.3 Geometric calculation of refined PT-invariants 

The calculation of the refined PT invariants is now straightforward. We choose a generic 
1-parameter subgroup C* C Tq and apply localization using the results of Section EJ The 
refined invariants are then given by Proposition [8] in the equivariant language or ()7.4p in 
the motivic language. We have implemented these calculations on a computer. 



8 Calculation of the BPS invariants from the refined PT- 
invariants 



The basic idea is to repeat the argument of Section [5] equivariantly, using (|2.16p in place of 
(14. 4p . For clarity, we rewrite (I2.16P here in more geometric language. 



3l/r 



oo m— 1 



z 



PT 



n n J] J] (l-L-™/2+l/2+i-m^(_^)m-2m^g/3 



(_1)2(JL+Ji;)7v^ , 



PJlJr mL/jt=-jL/jtm=l j=0 

where we have made the changes of variables 



1/2 

Ql 



=«2 



starting from ()2.16p . We have also changed the index variables by identifying rrii + m2 and 
nil — "1-2 in (12.16P with m + 1 and m + 1 — 2j, respectively. 

Clearly the SU(2) x SU(2) BPS invariants N^^ together with ([8TT]) determine the re- 
fined PT invariants. In this section, we show how to reverse the procedure, determining 
the SU(2) X SU(2) BPS invariants from the knowledge of the refined PT invariants and 
(|2T6]1 . 

Claim: The ■ are uniquely determined from the refined PT invariants and (18. ip . 



For convenience, we put 



Note that the {[j_r]l} form an additive basis for the vector space of Laurent polynomials 
in L and which are symmetric under the Z2 symmetry L o L~^. The refined PT 
invariants always respect this symmetry. Furthermore, since [jrJl is just the character of 
the [jij] representation of SU(2), the map [jp>\ 1— )• [jijjL from the representation ring of SU(2) 
to the ring of polynomials Z[L^/^, L^^/^] is a ring homomorphism. This allows one to easily 
multiply the expressions [j_R]L- For example, we have 









1' 




1" 




2 


L 


JR + 2 


+ 

L 


3B. - 2 



by the analogous identity in the representation ring of SU(2). 
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We prove the claim by induction on j3 and k. We start from small /?, choosing any ordering 
of the P refining the partial ordering /3i > (32 if /3i — h is effective, and proceed inductively 
using this ordering of the j3. 

The for fixed /3, we look at which factors in ()8.ip can contribute to -PJ^. We have k = 
m — 2m L- The smallest value of k that can occur is k = 1 — pa, for m = 1 and rriL = Pa/2. 
We then compare coefficients of q^~^°-Q^ in (jS.ip and get 

m 

where we have combined the relevant terms in the sum over m/j in 18.11 to get the factor 
of [jrIl in (|8.2p . After rewriting PTl_p^ ^ in the [j'/jJl basis, the /2jh ^'^^ read off 
immediately from (18. 2p . 

Continuing with this fixed /3, we now proceed with a downward induction on j/,. Suppose 
we have found iVj^ for all (3' < /3 and for f3' = 13 and all > J^. We put /c = 1 — 2Jl in 
(|8.ip and see that 

PTl-2j„p = (-1)''" + 5, (8.3) 

where the omitted terms S only depend on the N!^ ■ for all 13' < 13 and for j3' = j3 and all 
3l > Jl, which are known by the inductive procedure. After substituting in these known 
quantities and expressing PT^_2j^ ^ in the [j,r]l basis, the Nj^ are read off immediately 
from (15:31) . 

Remark. It is not immediately obvious from the geometric procedure why the ■ 

jLi3 R 

should be nonnegative integers. 

For local P^, it is well known that the only nonvanishing BPS invariant is A'^qq = 1. In that 
case, ()8.ip simplifies to the motivic product formula of [39j. 

By the computer program, we have checked (18. ip for local when 

d = 3 and n < 10, 
d = 4 and n < 9, 
d = 5 and n < 1, 

and for local x P^ for degree (di, (^2) with di + d2 < 5 and n < 6. 

We now take up the case where X is local P^ and show how the refined PT invariants can 
be used to deduce the BPS invariants. 

8.1 Refined invariants for local 

We now illustrate the method for low degree in P^. For curves of degree d, we have pa = 
Pa{d) = {d — l){d — 2)/2. We will assume that = for (7 > Pa{d). As explained in 
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Section 14.11 the PT-moduli spaces will be equal to the relative Hilbert schemes in the cases 
discussed below, so the PT invariants can be calculated by hand. We will also repeatedly 
use the fact that the moduli space of curves of degree d on is isomorphic to p{'^^+3'^)/2^ 
with virtual Bialynicki-Birula decomposition or equivariant index [{d? + 3d)/4]L. 



d = 1. We have Pa = 0, so we get from (|8.2p . an application of (|7.5p and either Pi{X, 1) 
or the computation of Section [6] 



12 



JR 



which leads immediately to 



1 jR = l 



I otherwise ' 
in agreement with the B-model result. 

d = 2. We have pa = 0, so we get from ()8.2p . an application of ()7.5p . and either Pi{X, 2) 
or the computation of Section [6] 



3R 



which leads immediately to 

Ojh I Q otherwise 
in agreement with the B-model results. 

d = 3. We have = 1, so we get from (j8.2p . an application of (|7.5p . and either Po{X^ 3) ~ 
or the computation of Section [6] 



3r 



1 otherwise ^ ^ 



which leads immediately to 



Next, expanding the coefficient of qQ^ in (jS.ip gives for (j8.3p 
[5]l + [4]l + [3]l = Pis = E ^o,,Jiij]L + iVi%,,Jl/2]L[ji?]L) , (8.5) 



JR 

where the factor of [1/2] l comes from combining the terms of the sum over m^, in (18. ip 
when = 1/2. The left hand side of (j8.5p arises since Pi{X, 3) is a bundle over P^ and 
[4][1] = [5] + [4] + [3], or by the computations of Section [H Then ()8.5p simplifies to 



[5]l + [4]l + [3]l = E <«fe]L + 



]R 



"1" 




"9" 


2 


L 


2 
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where we have used (j8^ to get (f8^ . Since [1/2] [9/2] = [5] + [4], we conclude that 



in agreement with the B-model results. 

Note that the last equality in ([82]) agrees with ([831) with S = [1/2]l[9/2]l (this last 
expression only requiring the knowledge of N^^^ ™d not any other Nj^ ) . 

The higher degrees are done in essentially the same way. For degrees 4 and 5 as with degree 
3, the term S in the proof of the claim can actually be written as a sum of products of 
various [jR]L- In Section [9] we will explain this observation by using a refinement of the 
KKV method. In general, the calculation can be implemented on a computer without the 
need for this algebraic simplification. In general, the refined PT invariants can be computed 
algorithmically by the torus localization method of Section [6l 

8.2 Refined invariants for local x 

For curves of bidegree (di, ^2), we have pa = Pa{di, ^2) = (di — l)(c?2 — !)• We will assume 
that n^^ = for 5 > pa{di,d2)- As explained in Section [^TTl the PT-moduli spaces will 
be equal to the relative Hilbert schemes in the cases discussed below, so the PT invariants 
can be calculated by hand. We will also repeatedly use that the moduli space of curves of 
bidegree (^1,^2) on x is isomorphic to p('^i+i)('^2+i)~i^ with virtual Bialynicki-Birula 
decomposition or equivariant index [{{di + l){d2 + 1) — 1)/2]l- 

We will find it convenient to rewrite with f3 = {di, ^2) as Q'l^Q'^ ■ 

{di,d2) = (0, 1). We have pa = 0, so we get from (18. 2p and an application of ()7.5p or the 
computation of Section [6] 




(8.7) 




which leads immediately to 



rO,l 

0,jR 



{ 



otherwise 



1 jil = l/2 



in agreement with the B-model result. 



(di, (^2) = (li 0). By symmetry we see immediately that 
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{di,d2) = (1,^2)7^2 > 1- We have Pa = and the moduH space of these curves is p2'^2+i^ 
so we get as above 

1" 



d2 + 7: 



JR 



which leads immediately to 



1 jR = d2 + l/2 
OJr I otherwise 



in agreement with the B-model results as far as we have checked. 
{di,d2) = {di, l),di > 1. By symmetry we have immediately 



1 jR = di + l/2 
otherwise 



(^1,^2) = (2,2). Now Pa = 1. For = 1/2, we can again use (|8.2|) and the moduli 
space to get 

[4]l = ^^,(2,2) = E(-l)''"<2,«fe]L' 

which leads immediately to 



2,2 



1 Ji? = 4 
otherwise 



For = 0, we need to use the product formula and examine the coefficient of qQ\Q2 using 



the above result for the A^, 



2,2 

JlJr' 



The moduli space Pi{X, (2,2)) is a P'' bundle over P^ x P^, with virtual Bialynicki-Birula 
decomposition or equivariant index 



7 




1 




1 




9 


+ 2 


7 




5 


















+ 




2 


L 


2 


L 


2 


L 


2 


L 


2 


L 


2 



The expansion gives for the coefficient of qQiQ2 



[4], 



Equating (^M) and (HJD gives 



2,2 



(8.9) 



1 = 7/2, 5/2 
otherwise 



As for P^, the higher bidegrees are done in essentially the same way, using the torus localiza- 
tion method of Section [6] to compute the refined PT invariants algorithmically by computer 
instead of by classical algebraic geometry. 
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9 Refinement of the KKV approach 



9.1 Local and Asymptotic Behavior of the Refined PT-invariants 

The basic idea is that for k < d—1, the method of |3lj says that we can compute the refined 
PT invariants PT^_p^^i^ ^ by elementary projective geometry, without the need for the more 
elaborate toric computation of Section [6l In addition to the increased simplicity, infinite 
collections of results can be put into closed form, providing asymptotic formulae. 

Recall from the end of Section [5] that C^^^' is smooth for k in this range. Hence the virtual BB 
decomposition arises from the usual BB decomposition, and therefore the refined invariants 
arise from the Lefschetz action, as was already well known in the physics literature. 

Furthermore, since correction terms come from products of PT invariants of lower degree, 
and for any degree d the minimum holomorphic euler characteristic that can occur is 1 — 
Pa{d) = 1 — {d— — 2)/2, we see that the minimum holomorphic euler characteristic with 
a correction term is 

min {(1 - pa{di)) + (1 - pa{d2)) \di + d2 = d}. (9.1) 



The minimum of ()9.ip occurs when di = 1 or ^2 = 1, in which case it simplifies to 1 — 
Paid) + (d — 1). We conclude that there are no correction terms if A; < d — 1, in which case 
(|5.10p simplifies to 

H* (^CW) = (^^"~''^/3)gu(2) ®^* (^'''~^^) • (9-2) 

Furthermore (j9.2p . with O^'^^^'H/s interpreted as being defined by the refined PT invariants, 
is rigorously proven by Proposition [3l 

To apply (19. 2p . we only need to compute the PT^_p^_^_j^^ for < d — 1. But this is easy: 
Pi_p^+fc(X, d) is a P'^'^'^+^)/^~'^-bundle over (P^)['^l. So its Lefschetz representation is imme- 
diately computed as a product of the Lefschetz representations of p<^('^+3)/2-fc ^^^^ j|p2^[fc]_ 
This is an equivariant /motivic extension of the method of Section [3 

Before turning to the asymptotic formulae, we illustrate with low degree examples. All the 
results agree with the B-model methods and the computations of Section El 

d = l. Putting 5 = 0, /c = in ([921) we get 



ni) = H*{C°) = H*(F'^). 

/ SU(2)a 

The Lefschetz of iJ*(P^) is [1]. Since the left spin can only be [0], we conclude that the 
representation is = [0, 1]. Since Tr(— l)^^?^i = 3[0] = 3/o, we obtain = 3 and nf = 
for g > for the GV invariants. 
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d = 2. We similarly have 



7^2 ) = H*{C^) = H*{¥^) 

SU(2)a 



we conclude that 7^ i = [0,5/2]. It follows that = —Q and = for 5 > for the GV 
invariants. 

d = 3. Now we can have a left spin of 1/2. First (19. 2p gives 

(eu^ = H*{C^°^) = H*{Po{X,3)) = H*{F^). 

V / SU(2)a 

The Lefschetz of is [9/2]. We conclude that 

7^3 = [l/2,9/2]e[0,i?o] 
for some representation Rq to be determined. 
We now apply (j9.2p again and get 

(-Hs) _ =H*{C^'^) = H*{Pi{X,3)). 

V /SU(2)a 

The Lefschetz of this P^-bundle over 

p2 

IS 

[4]®[i] = [5]e[4]e[3]. 

Restricting [1/2,9/2] © [0,Ro] to SU(2)^ gives 

[1/2] [9/2] © [0] © [Ro] = [5] © [4] © Ro 
Comparing, we see that Rq = 3 and conclude that 

7^3 = [1/2,9/2] ©[0,3]. 

Then 

Tr(-l)-^«7^:3 = -10[l/2] + 7[0] = -lO/i + 27/o. 

Therefore 



27 g = 
nf = <J -10 g = l 
g>2 



for the GV invariants. 

d = 4. We start with 

^3-^4) = i7*(cM) = ^r*(P_2(X,4)) = H*{F^^) 

' SU(2)a 

and since ff*(P^^) = [7] we see that 

7^4 = [3/2,7] + [l,i?i] + [1/2,^1/2] + [0,i?o]. 
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Then we get 

e'^n^ = H*{C^^^) = F*(P_i(X,4)). 
We have seen that Cl^l is a P-'^^-bundle over P^, with Lefschetz 

[13/2] [1] = [15/2] + [13/2] + [11/2]. 

This must be equal to the restriction of 

([3/2, 7] + [1, Ri] + [1/2, Ry^] + [0, Ro]) = [1/2, 7] [0, i?i] 

to the diagonal, which is 

([1/2] [7]) + ([0] Ri) = [15/2] + [13/2] + Ri. 

We infer that Ri = [11/2]. 

To get Ri/2, we use 7^4 = [3/2, 7] + [1, 11/2] + [l/2,i?i/2] + [0,Ro] and 

(en4) = F*(c[2]) -F*(cM) = H*{Po{x,4)) - H*{p^2{XA))- 

V / SU(2)a 

Now Po{X,4) is a P^^-bundle over (P^)!^!. The Betti numbers of the Hilbert scheme are 
found from 

m,n 

The Lefschetz SU(2) of (P^)!^] is easily deduced from the Betti numbers of (P^)!^] as [2] + 
[1] + [0]. So the Lefschetz of Po(^,4) is 

[6] ([2] + [1] + [0]) = [8] + 2[7] + 3[6] + 2[5] + [4]. 

Thus 

/^*(C[2]) _ _?/*(c[0]) = [8] + [7] + 3[6] + 2[5] + [4]. 
Comparing to the restriction to the diagonal of [1, 7] © [1/2, 11/2] © [0, R1/2], which is 

= [1] © [7] + [1/2] © [11/2] + [0] © Ry2 = [8] + [7] + 2[6] + [5] + Ry2, 
we conclude that R1/2 = [6] + [5] + [4]. 



This is as far as we can get from (|9.2p for d = 4. We briefly digress from our main devel- 
opment to show how we can complete the calculation by reverting to (|5.10p and computing 
equivariantly. 

We have 

(n^^^^^^ = H*{P^iXA)) - H*{P^,{XA)) - H*iPo{X,3) X Pi(X,l)). (9.3) 
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In [3T], the product Po{X,3) x Pi{X,l) appeared as a correction term, but now we see 
from stable pairs theory that it is a natural occurrence. Now Pi{X,4) is a P^^-bundle over 
(p2)[3]_ The Lefschetz SU(2) of (P^)!^] is easily deduced from the Betti numbers of (P^)!^] 
as [3] + [2] + 3[1] + [0]. So we get the Lefschetz of Pi(X,4) as 

[^]®([3] + [2] + 3[l] + [0]) 

= [y] + 2[y]+5[^] + 6[^]+5[^] + 2[I] + [^] 
and therefore from (19.3P and previously computed representations we get 

We have to compare to the diagonal restriction, which is = [|] [7] + [1] (E> [^-] + [^] 
([6] + [5]+4]) + [O]0i?o- 

We solve to get i?o = [13/2] + [9/2] + [5/2], and conclude 



^4 = [3/2, 7] + [1, 11/2] + [1/2, 6 + 5 + 4] + [0, 13/2 + 9/2 + 5/2]. 

Then 

Tr(-l)^«?i4 = 15[3/2] - 12[1] + 33[l/2] - 30[0] = I5/3 - IO2/2 + 231/i - 192/o. 
Therefore 



for the GV invariants. 

We can now generalize the above computations to compute asymptotic formulae for the 
SU(2) X SU(2) invariants for large d. For degree d, the maximum genus is g = g{d) = 
{d — l){d — 2)/2, so the maximum left spin is [|] . The basic idea is that for fixed k, we 
have that for d sufficiently large, Pi_g(^^^^i^{X,d) is a p'^(rf+3)/2-fc bundle over the Hilbert 
scheme (P^)['^l, so computations can be done uniformly in d. 

We start by writing the SU(2) l x SU(2)k representation as 



-192 


9 


= 


231 


9 


= 1 


-102 


9 


= 2 


15 


9 


= 3 





9 


> 4 



E 

i=0 



— , Rj 
2' 



and solving for Ri in decreasing order. 
We have 

99na = [o,Rg]=c^^ 



pd(d+3)/2 
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which has Lefschetz representation [d{d + 3)/4]. To simphfy notation, let us define D :- 
d{d + 3)/2. This gives 



Rn 



(9.4) 



Note that the bottom row in Table [T] contains only the representation [g/2,D/2] with 
multiplicity one, agreeing with ([97 



For the second row from the bottom we have from (19. 2p 



By the usual argument, the universal curve is a 



bundle over P^, with Lefschetz 



[1]® 



D - 1 



D + l 



+ 



D - 1 



+ 



D-3 



Restricting [0, + [1/2, Eg] to the diagonal and using (j9.4p gives 



Rg-l + 



D + l 



+ 



D-1 



D-3 



Equating these last two expressions gives 

Rg-l 

the asymptotic expression for the second to the bottom row (valid for d > 3). 
For the next row we have 



(9.5) 



,Rg-l 



[l,i?,]=C[2l-CM. 



e3-'nd = [o,Rg-2] + 

By the usual argument, C^^l is a P-^~^-bundle over (P^)[^], with Lefschetz 
([2] + [1] + [0]) 



(9.6) 



'D - 2 




'D + 2 


+ 2 


D' 


+ 3 


D - 2 


+ 2 


'D-A 


+ 


'D-6' 


2 




2 




2 


2 


2 



so the right hand side of (|9.6p is 



([2] + [1] + [0]) 



D-2 



D + 2 



+ 



+ 3 



D-2 



+ 2 



D-A 



+ 



D-6 



Restricting the left hand side of (I9.6p to the diagonal and using (19. 4p and (19. 5p gives 



Rg-2 + 



D-2 



+ 



D-A 



+ 



D + 2 



+ 



+ 



D-2 



Equating these last two formulas and solving gives 



R, 



D - 2 



■9-2 



+ 



'D-A' 



+ 



'D-6' 



(9.7) 
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i/k 


-12-^ 

2 


-11 


21 
2 


-10- 


19 
2 


-9-4^ 

2 


-8- 


15 
2 


-7 


13 
2 


-6 


11 

2 


-5 


y 

2 


-4 


V 
2 


-3 


5 
2 


-2 


3 
2 


-1 


4 

2 















































1 


-1 








































1 






-2 


































1 




1 




1 




-3 




























1 




1 




2 




1 




1 


-4 


























1 




3 




3 




3 




1 




-5 
















1 




1 




3 




4 




6 




4 




2 






-6 














1 




1 




3 




5 




9 




8 




3 




1 




-7 






1 




1 


3 




5 




10 




13 




16 




11 




6 




1 






-8 


1 


1 




3 




5 


11 




16 




24 




24 




20 




9 




3 









Table 9: The asymptotic BPS numbers A''^*^ 



the third asymptotic row from the bottom, vahd for d > 4. 

Table 19.11 gives the asymptotic rows observed in the B-model calculation with the ordering 
reversed, top to bottom instead of bottom to top. We have just explained the first three 
rows of Table 19.11 from the viewpoint of the refined PT invariants and found complete 
agreement, and we have similarly checked the first six rows and found complete agreement 
with the B-model. 



9.2 Local P^xP^ and Asymptotic Behavior of the Refined PT-invariants 

We now explain the low bidegree cases with X equal to local x P^, using the equivariant 
refinement of the method of Section [5j Again, we find asymptotic formulae. 

As observed earlier in Section [821 curves of bidegree {di,d2) have arithmetic genus pa = 
Pa{di,d2) = {di — l){d2 — 1) and these curves are parametrized by p('^i+i)('^2+i)-i^ with 
Lefschetz representation [((di + l){d2 + 1) — l)/2]. Without loss of generality, we assume 
that di < d2- 

For k < di, the method of |31j says that we can compute the refined PT invariants 
^'^i-Pa+k d elementary projective geometry. 

Note that the minimum holomorphic euler characteristic with a correction term is 

min { (1 - Pa{d[,d'2)) + (1 - Paid'l, 4')) I 4 + 4 = di, 4 + 4 = ^2} • (9.8) 

The minimum of ()9.8p occurs when (4,4) = (0,1) or (4; 4) — (O'l)' which case it 
simplifies to 1 —paidi, ^2) +di- In particular, there are no correction terms ii k < di. 

Furthermore, it is straightforward to check that C''^] is smooth in this range. 

To apply (19. 2j) . we only need to compute the PT^^^^j^k [di d2) k < di. But this is 
easy: Pi-p,+k{X,{di,d2)) = is a p(''i+i)('^2+i)-i-^-bundle over (p2)W. In particular, 
it is smooth. So its Lefschetz representation is immediately computed as a product of 
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the Lefschetz representations of ^d(d+'3)/2-k (p2)[fe]. This is an equivariant/motivic 
extension of the method of Section El 

Before turning to the asymptotic formulae, we ihustrate with low degree examples. All the 
results agree with the B-model methods and the computations of Section El 



{di,d2) = (0, 1). Since pa = 0, we have 'H(o,i) = [0, -Ro] for some SU(2) representation Rq. 
Now (0, 1)) is the moduli space of curves of bidegree (0, 1), which is isomorphic to 

and therefore has Lefschetz representation [1/2]. By Proposition [3l with /? = (0,1) and 
r = 0, we get ?io,(o,i) = [0, 1/2]. Since TY(-l)^«?io,(o,i) = -2[0] = -2/o, we get nfo = -2 
for (7 > for the GV invariants, in agreement with [31j . where only the 



and 

combined invariants := Ylidi 



+d2=d "-(di.da) 



were computed. 



{d\,d2) = (1, 1). Since pa = 0, we have ^-(1,1) = [0, i?o] for some SU(2) representation Rq. 
Now Pi{X, (1,1)) is the moduli space of curves of bidegree (1,1), which is isomorphic to 
and therefore has Lefschetz representation [3/2]. This leads as above to "^0,(1,1) = [0)3/2], 
from which it follows that n^*^ = —4 and n^^ -j^^ = for g > for the GV invariants, in 
agreement with [31] . 



(di, ^2) = (1, d2). Since pa = 0, and Pi{X, (1, ^2)) is the moduli space of curves of bidegree 
(1,^2), which is isomorphic to -^q have as above that ^^0,(1,^2) ~ [0)'^2 + 1/2], 

from which it follows that ^('1 ~ ~(2c^2 + 2) and '^('12^2) ~ ^ 9 > ^ foi' the GV 
invariants. 



{di,d2) = (2,2). Now Pa = 1, so we have 7^(2,2) = [l/2,i?i/2] + [0,-Ro] for some SU(2) 
representations R1/2 and Rq. We apply Proposition [3l with /3 = (2,2) and r = 1. Now 
Po{X, (2, 2)) is the moduli space of curves of bidegree (2, 2), which is isomorphic to P*^, so 
Ri/2 = [4]. Since Pi (X, (2,2)) is a P^-bundle over P^ x P^, its Lefschetz decomposition 
is 



7 




1 




1 




9 


+ 2 


7 




5 


















+ 




2 




2 




2 




2 


2 


2 


= ( 


2, 2) and 


r = 





2;ives 









9 




7 




5 




1 


[4] + Ro = 


'9' 




"7" 




+ 2 




+ 










+ 




2 


2 


2 




2 


2 


2 



so that Rq = [7/2] + [5/2]. Putting this all tog 


ether 


, we 


get 














^(2,2) — 




+ 


2 


+ 


0,5 

2 


Then 












TV(-l)^«?i(2,2) =9 


"1" 

2 


-14[0]: 


= 9/1 



+ ^0, 
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It follows that 



n 



(2,2) 



-32 5 = 
9 g = l 
g>2 



for the GV invariants, in agreement with [3lj after combining with ^-^ (and nr^i)- 

{di,d2) = (2,3). Now Pa = 2, so we have 'H(2,3) = [li^i] + [1/2,-^1/2] + [0,-Ro] for some 
SU(2) representations Ri, R1/2 and Rq. We apply Proposition [3] with /3 = (2,3) and r = 2. 
Now P^i{X, (2,3)) is the moduli space of curves of bidegree (2,3), which is isomorphic to 
P", so Ri = [11/2]. 

Since C = Po{X, (2, 3)) is a P^'^-bundle over x P^, its Lefschetz representation is 



[5] 



'1 




"1" 


2 




2 



[6] +2 [5] + [4] 



Then Proposition [3] with f3 = (2,3) and r = 1 gives 



[6] +2 [5] + [4] 



"l" 




"11" 


2 




T 



+Ri/2 = m + [5]+Ri/2, 



so that Ri/2 = [5] + [4]. 

Finally, we have to compute Ct^] = P^{X,{2,3)), which is a P^ bundle over (P^ x pi)^. 
While we still have smoothness, we will nevertheless have a correction term, since in this 
case k = 2 = di. 

We compute the Betti numbers of the Hilbert schemes of P^ x P^ by the generating func- 
tion 

-1 



n (1 



y 



2m— 2 j.m 



t™) (1 - y^'^t"') (1 - y2m+2^m 



This gives the Lefschetz of (P^ x P^)P1 as [2] -h2[l] -h3[0]. This implies that we get [9/2] ([2] + 
2[1] + 3[0]) for Pi{X, (2, 3)), which expands to 



13 


+ 3 


11 


+ 6 


9 


+ 3 


7 




5 










+ 




Y 


Y 


2 


2 


2 



Applying Proposition [3] with /3 = (2, 3) and r = gives for the left hand side 



13 


+ 3 


11 


+ 6 


9 


+ 3 


7 




5 




11 




13 


+ 2 


11 


+ 6 


9 


+ 3 


7 




5 
































Y 


Y 


2 


2 


2 




Y 




Y 


Y 


2 


2 


2 



while for the right hand side we get, ignoring correction terms for the moment 



[1] 



"11" 




"1" 




+ 




Y 


2 



([5] + [4]) + i?o 



13 


+ 2 


11 




9 




7 






+ 3 








Y 


Y 




2 


2 



so that Ro = 3 [9/2] -|- 2[7/2] -|- [5/2]. However there is a correction due to reducible curves 
C U C", where C and C" have bidegrees (2, 2) and (1, 0) respectively. The correction term 
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may be recognized either from the method of |31j or by the product formula (jS.ip . Either 
way, the correction is [1/2] [4] = [9/2] + [7/2], coming from the moduh space x of the 
pair of curves. This gives the corrected value 

i?o = 2[9/2] + [7/2] + [5/2]. 



Putting this all together, we get 

"^(2,3) 

Then 



11 




1 




















+ 




+ 




+ 2 




+ 


-I 


+ 

















(2,3) 



-12 [1] + 20 



34 [0] = -12/2 + 68/1 - 110/0 



It follows that 



n 



-110 


9 


= 


68 


9 


= 1 


-12 


9 


= 2 





9 


> 3 



(2,3) - 

for the GV invariants, again agreeing with [31] for d = di + d2 = 5. 

We can now turn to the asymptotic formulae for sufficiently large {di,d2) 
We start by writing the SU(2)i x SU(2)jj representation as 



Pa 

E 

i=0 



— , Rj 
2 



and solving for Ri in decreasing order. 
We put D = {di + l){d2 + 1) - 1. 
We have 

ef"?id = [0,i?pJ=cM 
which has Lefschetz representation [D/2]. This gives 



Rn 



For the second row from the bottom we have from (19. 2p 

eP'^-^'Hd = [Q,Rp^^i] + 



1 R 

2' 



(9.9) 



By the usual argument, the universal curve is a P"^ ^-bundle over P"*^ x P^, with Lef- 
schetz 



'D - I 




"l" 




1' 




'D + l 


+ 2 


D - I 


+ 


"L» -3" 


2 




2 




2 




2 


2 


2 
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Restricting [0, + [1/2, Rp^] to the diagonal and using (j9.9p gives 



-Rpa-i + 



D + l 



+ 



D - 1 



Equating these last two expressions gives 



D - 1 



+ 



-3 



(9.10) 



the asymptotic expression for the second to the bottom row. 



We content ourselves with one more row; the general cases are similar. For the next row 
we have 



+ [l,ii,J=CP]-CM. 



(9.11) 



By the usual argument, C^^l is a ¥^ ^-bundle over (P-*^ x P^)P], with Lefschetz 
([2] + 2[l] + 3[0]) 



'D - 2' 




'D + 2 


+ 3 


D' 


+ 6 


D - 2 


+ 3 


'D-A 


+ 


"D-6" 


2 




2 


2" 


2 


2 




2 



so the right hand side of (|9.11|) is 
'D + 2 



+ 2 



+ 6 



D - 2 



+ 3 



D-A 



+ 



Z)-6 



Restricting the left hand side of (|9.1ip to the diagonal and using (j9.9p and (j9.10p gives 



+ 2 



D-2 



+ 



D-4 



+ 



D + 2 



+ 



+ 



D-2 



Equating these last two formulas and solving gives 



9-2 



D-2 



+ 2 



D-A 



+ 



D-6 



(9.12) 



the third asymptotic row from the bottom. 
9.3 Wall crossing 

In this section, we explain how to understand the correction terms in the refined KKV 
approach via a wall crossing on stable pairs in the case of local In [8], a wah crossmg 
phenomenon in the moduli spaces of stable pairs is studied. We alter the notion of stable 
pairs by introducing the stability parameter denoted by a. 

Definition 2. Let a be a positive rational number. An a-stable pair on X is a pair [T, s) 
of a sheaf J- and a nonzero section s G H^{J-) such that 



J- is of pure of dimension 1 
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• For all proper nonzero subsheaves T' of T , we have 

ViT) < r{F) ' ^^-^^^ 

where r{T) is the leading coefficient of Hilbert polynomial xiJ^{nT-)) Oind e{s,J-') = 1 
if s factors through T' and zero otherwise. 

Let X be local and let M°'{d, n) denote the moduli space of a-stable pairs {J-, s) on local 
with ch2(J-") = d and x{^) = One can see that a stable pair as in Section [4.11 can be 
considered as an a-semistable pair for sufficiently large a, which we will denote by a = oo. 
In other words, M°°{d,n) = Pn{X,d). At the other extreme, when a is sufficiently close 
to zero, or a = 0^, a pair (J^, s) is a-stable pair if and only if the sheaf J- itself is a stable 
sheaf. Hence, we have a connection to the Hilbert space 7^^. We have [8] 

(nA = H*{M^\d,l)) - H*{M'\d,-l)). 

\ / &U(2)a 

This formula is very similar to (jS.lip with r = 0. The only difference is that we have 
replaced a = oo with a = 0^ and removed all correction terms. We claim that in terms of 
virtual motives, the correction terms in (15. lip are exactly the wall crossing contributions 
from M°°{d,n) to {d,n) for d < 5. 

Wall crossing occurs at the values of a for which there exist strictly semistable pairs. In 
general, there are only finitely many such walls and the moduli spaces remain unchanged 
for values of a in between walls. 

If a pair (J^, s) become strictly semistable, we have an exact sequence of the form 

^ s') ^ (^, s) ^ {T", s") ^ 0. 

On the one side of the wall, {T, s) is stable and as our stability parameter a passes to the 
other side of the wall, this exact sequence destabilizes {J^,s). So, we lose those pairs from 
the moduli space. Instead, new pairs {J^, s) defined by the fiipped exact sequence 

^ {T", s") ^ s) ^ {T', s') ^ 

become stable. So, by computing Ext groups corresponding to each exact sequence, we can 
see what happens as we cross the wall. 

d = 1,2, and 3. There were no correction term in the KKV computation and one can easily 
see that there are no walls by an elementary calculation. 

d = 4. The correction term for (HA in KKV approach is -H*{Po{X, 3) x Pi{X, 1)), 

V /SU(2)a 

which in terms of the virtual motive is [fj^ ^-fter an appropriate sign change. By an 
elementary calculation, one can see there is no wall for M"(4, — 1) and a unique wall at 
a = 3 for M'^iA, 1). The strictly semistable pairs in M^(4, 1) are of type 

(1,(3,0)) 0(0,(1,1)), 
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where {l,{d,n)) (resp. (0, (d, n))) denotes the pairs {T,s) with a nonzero (resp. zero) 
section s and ch2(F) = d and x{P) = ^- Note that a-stable pairs of type (1,(3,0)) are 
parametrized by for any a, and stable pairs of type (0, (1, 1)) are parametrized by P^. 
By the Riemann-Roch theorem and \16\ Corollary 1.6], we can compute the extension group 
defined on the category of pairs. 

Extn(0,(l,l)),(l,(3,0))) :^C3 (9.14) 
Exti((l,(3,0)),(0,(l,l))) ^C^ (9.15) 

The extension given by an element in (j9.15p is stable when q > 3 and becomes unstable 
when a < 3. The extension given by an element in (I9.14p behaves in the other way. So, 
at the wall as we cross from a = oo to a = 0+, the P^-bundle on P^ x P^ is replaced by 
p2-bundle on P^ x P^. This gives a geometric wall crossing contribution -L3[p9][p2]. To 
get the contribution to the virtual motive, we multiply (— L^"'^/^)'^™^^^"''''^-* = — L~^, which 
yields [fj^ This matches with the correction term. 

d = 5. The correction term for (7^5 ) is 

V /SU(2)a 

-H*{P^2{XA) X P3(^,l)) -i^*(^-i(^,4) X P2{X,l))-H*{Po{X,A) x Pi(X,l)) 
-H*{Po{X, 3) X Pi{X, 3)) + H*{P-2{X, 4) x Pi{X, 1)). 

Possible wall crossing terms for M"(5, 1) and M"(5, —1) are as follows. 



a 


Splitting type 


Associated correction term 


Wall crossing for M°(5, 1) 


14 


(1,(4, -2)) 0(0,(1, 3)) 


-H*{P^2{XA)xP3{X,l)) 


9 


(1,(4,-1)) 0(0, (1,2)) 


-H*{P^i{X,A)xP2{X,l)) 


4 


(1,(4,0)) 0(0, (1,1)) 


-H*{Po{X,4) X Pi{X,l)) 


3 
2 


(1,(3,0)) 0(0, (2,1)) 


-H*{Po{X,3) X Pi{X,3)) 


Wa 


1 crossing for M"(5, —1) 


6 


(1,(4, -2)) 0(0, (1,1)) 


+/7*(P_2(X,4) xPi(X,l)) 



We explain the wall crossing for M"(5, 1) at a = 14. The computation for other walls is 
similar. As before one can compute 

Exti((0,(l,3)),(l,(4,-2))) =.C^ 
ExtH(l,(4,-2)),(0,(l,3))) 

and a-stable pairs of type (1, (4, —2)) are parametrized by P^'' for any a, and stable pairs of 
type (0, (1, 3)) are parametrized by P^. Hence as we cross wall from a = oo to 9 < a < 14, 
the p6-bundle on P^^ X p2 is replaced by P'^-bundle on P^'^ X P2. Hence, the wall crossing 
contribution here is -(L6+L5+L^)[pi4][p2]. After multiplying (_L-i/2)dimPi(x,5) ^ j^-f^ 

we get — [IJl [7]l [1]l- This matches with the associated correction term —H*{P-2iX,4) x 
P^{X, 1)) = - [7]l [1]l [1]l > as P3(^, 1) is a P^-bundle over P^. 
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10 Conclusions 



We have described refined stable pair invariants and shown that the information of those 
invariants up to a fixed degree is equivalent to knowing the SU(2) x SU(2) BPS invariants 
up to that degree. 

Several interesting questions remain for future work. We conjecture that there is a purely 
motivic description of our refined stable pair invariants which would make clearer the con- 
nection of our work to the motivic stable pair invariants of [39]. This would provide an 
more precise interpretation of ()8.ip as a generalization of the motivic product formulae 
of [6l[39]. 

It would also be interesting to use other twistings to define new invariants. Perhaps those 
new invariants will be related to other related mathematical invariants, either those arising 
from a change in stability condition or by choosing different quiver descriptions of the PT 
moduli spaces. 

To calculate the 5d BPS index, the B-model approach using the refined holomorphic 
anomaly equation combined with the direct integration approach |19j|15| to non-compact 
geometries is the most efficient method. 

For the right choice of the TZ symmetry group it expresses the 5d index Z e.g. for local 
Calabi-Yau manifolds based on del Pezzo surfaces in terms of quasimodular forms of sub- 
groups of P5'L(2,Z). It is independent of the question whether the geometry has a toric 
realization j22j . 

For local 0(-2, -2) ^ x the approach yields in one stroke the refined 5d M-theory 
index, Nekrasov's partition function of N=2 d=4 theory, the refined Chern-Simons partition 
function on L(2, 1) as well as a refined version of the partition function of N=6 d=3 ABJM 
theory. 

Both approaches described in this paper need to be generalized to incorporate open string 
boundary conditions or more general Wilson lines than the one in L(2, 1). For the B-model a 
remodeled and refined version describing Ooguri-Vafa invariants would be highly desirable 
and for A-model one would like to give a more stringent mathematical definition of the 
moduli space related to invariants that the refined vertex computes. Finally, wallcrossing 
should apply more broadly than in the special cases described in Section [9l 
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